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BCTYII

HaBuanbHuii MOCIOHMK CTBOPEHO Yy BIAMOBIAHOCTI JO THUIOBOi HaBYaJIbHOI
nporpaMu  JUCHUIUTIHA  «JludepeHiianbHl  pIBHIHHS» 3 METOI0 OpraHizaii
ayJIUTOPHOI 1 CAMOCTIHHOT pOOOTH CTYACHTIB MMEJArOriYHUX YHIBEPCHUTETIB.

KopuctyBanusi MOCIOHMKOM IOBUHHO JOMOMOTTH CTYACHTaM Yy JOCSTHEHHI
HOPMATHBHOTO PIiBHA TEOPETUYHUX 3HAHb Ta MPAKTHYHHUX YMiHb, TEpea0adyeHuX
Jlep>kaBHUM CTaHIApTOM, a TAaKOX Yy PO3IIMPEHHI Ta TOTIMOJEHHI iX HAyKOBOTO
CBITOTJIALY, Y OBOJIOAIHHI HUMH YyMiHb TPAIIOBATH CaMOCTIHHO, 3aCTOCOBYBATH
HaOyTl 3HaHHS y MOJAJBIIIN TISJTBHOCTI.

[TociOHMK  OXOIUTIOE  TEOPETHMYHHH  MaTepial JUCHMIUIIHM  «3BHYAMHI
nuQepenIianpHi pIBHAHHSA» JJI8 HApAMY miarotosku 6.040201 Marematuka ramysi
3HaHb 0402 Di3uKo-MaTeMaTHIH1 HAYKH.

Bin BKiIIOUa€e KOPOTKI TEOPETUYHI BIIOMOCTI, SIKI CYMPOBOJIKYIOTHCS PO3IIISAOM
IPUKJIAJIIB Ta MPAKTUYHI 1HJAUBIyaTbHI 3aBJaHHS 10 KOXKHOT TEMH, PO3B'SI3aHHS SIKUX
MOJIETIIIY€E PO3YMIHHS TEOPETUYHOTO MaTepiany. B KiHII HaBelIEHO 3aBIaHHS st
MOJIYJIBHOTO KOHTPOJTIO.

Taka neranizanis CIpUATHME SIKICHIIIOMY 3aCBOEHHIO CTYI€HTAMH HABYAJIBHOTO
Marepiaity, 0cOOJIMBO MPU CAMOCTIMHOMY HOT0 OIMpaIlfOBaHHI.

[TociOHMK pEeKOMEHIyEThCSI BUKOPUCTOBYBATH Pa3oM 3 1HIIMMHU HiAPYyYHUKAMH 1
nociOHMKaMH, 30KpeMa THUMH, 1110 HABEJACHO Y CITUCKY PEKOMEHI0BAHOT JIITEPATYPH.



I.Teoperuuni BitomocTi

Temal: OcHOBHI MOHATTS Teopil 3BMYANHUX HH(epeHUiaIbHUX PIBHAHB.
NudepenuiaabHi piBHsiHHS | nopsaky.

1.1 O3nauennsa. Knacudikauis qudepeniiaabHuX piBHSIHb.

1.2 3aranpHuil, YaCTUHHUNA 1 OCOOJIMBHI PO3B‘S3KU 3BUYAMHOTO TU(DEPEHITIaTbHOTO
PIBHSIHHS.

1.3 IonsTTs npo audepeniianbHi piBHsAHHA | mopsaaky. [HTerpanbHa kpuBa. 3agaya
Komri. Teopema icHyBaHHS Ta € TMHOCTI PO3B‘s13Ky 3aaadi Korii.

1.4 I'eomeTpuuna inTepnpeTtaiis. [Tone nanpsiMkis. [3okminu. Jlamani Eitnepa.

1.1 O3nauenns. Kiacugikauis nudepenuiaibHuX piBHIHb

O3unaueHHs. PigHAHHA, 8 AKUX HeBI0OMA (PYHKYIA 6X00UmMb Nid 3HAKOM NOXIOHOI abo
ougpepenyiana, Hazusaromsv OuphepeHuiaIbHUMU.

O3unaueHHs. PigHAHHA, 6 AKUX HeBI0OMA (DYHKYIA Ni0 3HAKOM NOXIOHOI € YHKYIEIO
O0Hi€l  3MIHHOI  (3anexcumb MIbKU 8i0 O00HO20  aApP2yMeHmy),
HA3UBAEMBCA 36UUAUHUM OUPepeHUianbHUM PIGHAHHAM.

Mpuknax: Y +y=xy°, x% —3y+xty?=0
X

Osnavennsi. [lopsioxom Oughepenyianvhoco piGHAHHSI HA3UBAIOMb MAKCUMATbHULL

nops100K noxioHoi (abo oughepenyiana), wo 6x00ums 00 Yb020 PiGHAHHAL.

3BuyaitHe nudepeHIiiagbHe pIBHSIHHS N-TO MOPSAIKY B 3arajibHOMY BUITAJIKy Ma€
BHTJISI]]

F(x Y, Y,y . y™)=0 (1.1.1)
X — He3aJe)KHa 3MiHHa, Y = Y(X) - mykaHa (yHKIIis.
O3naueHHs. fkwo nHegiooma pynKyis, aKka 6xooums y oughepenyiaibHe pigHAHHSI, €
@yuKyieto bazamvox 3MIHHUX, MO makKe OugepeHyiarvie pIGHAHHSL
HA3UBAIOMb PIGHAHHAM 3 YACIMUHHUMU NOXIOHUMU.
3arajJpHUN BUTIISA:

2 2 m
Fly, xlxzxnﬂﬂa—yﬂﬂ =0 (1.1.2)
OX OX, OX 0% 0%, X

O3nauennsi. Po3g’saskom ougepenyianvrozo pieuaunsa (1.1.1) nazuearoms N-pasis
ougpepenyiiiosany Gyukyito Y=0¢(X) wua npomincxy <a;b> (a,b
MOdHCYmb Oymu 1 HeGNACHUMU YUCIAMU), AKA Npu NIOCMAHO8Yi 8 ye
DIBHAHHA Nepemeopioe U020 HA YbOMY NPOMINCKY ) MOMOICHICIY,
moomo

F (X, 0(X),9'(X),0"(X),....0™M (X)) =0 (1.1.3)
6



3ayBaxkeHHs1: kw0 npomixcox <ab> e siopizxom [a,b], Mo nio noxioHow y

KIHYeBUX MOUKax po3ymMitoms 8i0N08i0HO 0OHOOIUHI NOXIOHI.
Osnauennsi. Cmenenem OughepenyianbHo20 pIGHAHHA HA3UBAIOMb  HAUGUUULL
cmeninb NOXIOHOI HAUBUUW020 NOPSOKY.
2

2 4
[Mpuknan: a %y (x+ b)ﬂ a4y XS(QJ =0 - 3BuuaiiHe nudepeHIiaTbHe
dx? dx dx? dx

PIBHSIHHS 2-TO MOPSIKY, 3-TO CTETICHS.

1.2 3araabHuil, 4YacTMHHUA 1 0cO0JMBHMH  PO3B‘A3KH  3BHYAWHOIO
audepeHiaIbHOrO PiBHAHHA

3 HadnpocTiuMH JUudepeHiaIbHUMU PIBHSHHSAMH JOBOJIUJIOCH MaTH CIpPABY
€ Ha MOYaTKy BUBYEHHS IHTETPAIBHOTO YUCIICHHS.
[Mpunryctumo 3anano gynkmito @(X) i Tpeba 3HAWTH i1 HEBU3HAYCHUH iHTETpall

(nepsicHy). 151 3amaya y popmi piBHSIHHSA 3anucaHa Oyjie TAKUM YHHOM:
d
d—y — (X), 60 dy = (X)dx (1.2.1)
X
JlaHH1 piBHSIHHS € €KBIBAJICHTHI 1 X CIUJIBHUMA PO3B’SI30K — HAMOUTBII 3arajJbHUMN
PO3B’SI30K —
y=Jo(x)dx+C (1.2.2)

(1.2.2) — Ha3uBaeThCs 3arajibHUM po3B’si3koM piBHsiHHA (1.2.1) ab6o
3arajJbHUM 1HTETPAJIOM.

Po3B’s13kH, 110 IcTaeMO 3 3arajbHOTO 1HTErpasna, Hajgalouyu JoBiUIbHIN ctam C
MIEBHUX 3HA4Y€Hb, HA3UBAIOThCS YACTUHHUMHU  PO3B’sI3KaMH  (YACTUHHUMH
1HTErpasamu).

Bemnunny C MOXXKHa 3HaWTH, KOJIM 3a3[ajeriib BiJioMa Mapa BiJIMOBIIHUX
3HAUYEHb ApTyMEHTY 1 (yHKUIi, MiACTaBIAOYM I 3HaueHHs B (1.2.2), BU3HayaemMo
JOBUIbHY CTamy.

[ToHATTS 3aranbHOrO 1 YACTUHHOTO 1HTErpagy BIAHOCHUTHCS 1 IO PIBHSHHS THUITY
(1.1.1), mpuyomMy YHUCIO TOBUIBHUX CTajuX, IO BXOJATH JI0 3arajbHOIO PO3B’SI3KY
nudepeHiaTbHOro PIBHAHHS JOPIBHIOE MOPSAIKOBI PIBHSHHS.

O3nauennsi: Po3g’saskom OugpepeHyianbHo20 pIBHAHHA HA3UBAEMbCSA  0YOb-sKe
CNIBBIOHOULEHHS MIJIC (DYHKYIEIO | HE3ANEHCHOIO 3MIHHOIO, 8 AKOMY HEMAE
ougpepenyianie i noxXiOHux i sKe NepPemMeopioc 3a0ane pIGHAHHS 8
MOMOJCHICMb.

KpiM 3aranbHOro 1 4aCTMHHOTO IHTErpaiB Au(epeHliaJbHe PIBHAHHA MOXKE
MaTH 1€ 0C00JIMBUA PO3B’SA30K.

Os3nauennsi: Ocobiusum HAZUBAEMBCA MAKUUL  PO38 30K  OughepenyiaibHo2o
DIBHAHHA, K020 He MOJCHA Oicmamu 3 3a2albHO20 IHmezspana npu
arcoonomy 3Havenni cmanoi C.



[puknan. Po3’s3atu nudepeHiianbie piBHAHHS Y = -

X+1

A L
y Xx+1 y

y X+1
[ o2 = inly|=tnfx+1+Infe] ¢ #0
y X+1
ly|=lc,|+[x+1]= y=C(x+1) C=0
y =C(x+1) - 3araibHui po3B’A30K.

Ane y=0 — TakoX € pO3B’A3KOM pIBHSHHS, KUl HE BUILUIMBAE 3 3arajbHOTO.
Otxe, y=0 — ocoOnuBHUil pO3B’SI30K.

Po3p’s3atn audepeHuianbHe piBHAHHSA — O3HAya€ 3HANTH BCl HOTO PO3B’SI3KH.
[Ipu 3Haxo/KeHHI AU(EpEeHIIaIbHOTO PIBHSAHHSA, SK IPAaBWIO, JOBOAWUTHCA MATU
CIIpaBy 3 OIEpaLi€0 IHTETPYBAHHS.

Tomy mporec 3HaxXOMKEHHS PO3B’S3KIB  MU(EPEHIIAIbHOTO  PIBHSHHS
HA3UBAIOTh IHTETPYBAHHS L[bOTO PIBHSHHS.

Ao urykaHuil po3B’SI30K MPEACTABICHO SK IHTErpal BiJ €JIeMEHTapHOl
(GyHKIII, TO KaXyTh, IO PO3B 30K JAHOTO IU(EPEHLIATBbHOTO PIBHSIHHS 3HANIEHO
y KBaJpaTypax, a cami Taki po3B’s3KH HA3UBAIOTh KBAJApaTypamu.

PosrisitHeMo 3amady, mpu po3B’sI3yBaHHI SIKOi OJEPKYEThCS AU(PEpEHIIaNIbHE
PIBHSIHHSL.

3agaua.
MartepianbHa TOYKa Macord M BUIBHO Maja€ MiJ JI€I0 TpaBITAllIHHOT CHIIH.

HexTyroun onopom noBiTps, BA3HAYUTH 3aKOH PYXYy TOUYKH.

yA

[TonoxeHHS TOUKM BU3HAYAETHCSA KOOPAUMHATOIO Y(t) - BIACTaHHIO i1 Bif

dikcoBanoi Toukn O B MOMEHT 4acy t. Touka majae mij Ai€ro rpaBiTaliitHOl
cun F =mg. Tomy 3rigHo 3 npyrum 3akoHoM HbroToHa: ma=F .

2

d’y d’y dy gt
MaemMmo ma=mg =>m—2>=mg, —=0 = —>=gt+¢, = y({t)=>-+ct+c,,
g preaalll il Bl U (UL sl
C,, C, - IOBUIBHI CTaJl.
t=0= y(0)=c, = omke, [c]=" ¢, =V, - MOYATKOBA WBUIKICTS.

C
2

3akoH pyxy: y(t) = % +Vt+Y,

1.3 Ilonsatras npo audepenuiagnbHe piBHAHHA | mopsaky. InTerpajbha
kpuBa. 3agaya Komi. Teopema icHyBaHHs Ta €1HOCTI po3B’si3Ky 3aaa4i Komri

Osnauennsi. [ugpepenyianvnum pisnsanuam 1 nopsaoxy, po3e’sizaHum GIOHOCHO
HOXIOHOI, HA3UBAIOMb CNIBBIOHOUEHHS BUDY

%: f(x,y) ado y' = f(x,y), (1.3.1)

ne f(x,y) - 3amaHa 1 HemepepBHA B JEAKid 001acTi JBOBUMIPHOTO MPOCTOpPY R,
(GyHKIIIS 1BOX 3MIHHHUX X, ).



VYV nudepenmianbHoMmy piBHsHHI (1.3.1) HeBimoma QyHKIisA y=y(X), a TaKOX
apryMEHT X MOXKYTh SIBHO 1 HE BXOJIUTH.

Osnavennsi. /{ugepenyianvue pisnsanua [ nopsaoky, He po38’sa3aHuM 6iOHOCHO
NOXIOHOI HA3UBAIOMb CRIBBIOHOUEHHS BUSTAOY
F(xy,y)=0, (1.3.2)
ne F(x,y,y) 3amaHa ¢yHKIS TPhOX 3MIHHUX X,Y,Y', sIKI 3MIHIOIOTBCS B ACSAKIN
00JacTi TPUBUMIPHOTO IPOCTOPY R,.

bynemo noku 1o po3risgaty audepeHiiiaibHe piBHIHHS, PO3B’sA3aHl BITHOCHO
[IOX1HOI.
Hexait dynkuist f(x,y) BU3HaUeHa 1 HeTepepBHa B Jesikiil o0nacti Dc R,

Obnacts D Ha3uBalOTh 0O0JACTIO BHU3HAUEHHS AU(EPEHINIANBHOTO PIBHSIHHS
(1.3.2).
Axmo f(X,y) B OKOJl TOYKH (X,,Y,) € D € HEOOMexeHoto, TOOTO lim f(X,y) =00,
Y—WZ

1

1.3.3
f(x,y) ( )

: . X
TO PO3IIISAAIOTE AU(PEPEHITIANbHE PIBHIHHS 3— =
y

MHOXHHY LIHX TOYOK, a TaKOX TOYKHU, A€ QyHKuUIA f(x,y)HE BU3HAUEHa, ajie
MOke OyTH JOO3HAau€Ha 3a HEMEePEePBHICTIO (ICHY€E rpaHuils GyHKIIT B IIUX TOYKAX),
MIPUEIHYIOTH JI0 001acTi BU3HaUeHHs qudepeniiiaasHoro piHsHHA (1.3.1).

Hudepenmiansae piBHsHHA (1.3.1) MoXkHA 3amucaTH 11€ U Tak:

dy— f(x,y)dx=0 (1.3.4)
[ToMHOXMBIIM OOMIIBI YAaCTUHU ILOTO PIBHSIHHSA Ha (QyHKII0O N(X,y)#0
ICTAaHEMO
M (X, y)dx+ N(x, y)dy =0 (1.3.5)
ne
M) =N Y)- £ (0) = £(xy) == 0)
(x,y)

M(x,y) i N(X,y) - Ha3UBarOTh KoePilieHTaMu Au¢epeHIIaIbHOTO PIBHSIHHS.

A piBusanns (1.3.5) Ha3uBaOTh AUQEPEHIIAIBHUM piBHIHHSAM | MOpsaKy, 3aucanum
Yy CUMETPHUYHIN GopMi.

3HaxXO/PKeHHS HEB1IOMO1 (YHKIIII, 10 BXOAUTH B Iu(epeHiiagbpHe piBHIHHS,
Ha3WBAIOTh PO3B'A3aHHSAM a00 IHTETPYBaHHIM I,OTO pIBHSIHHA. (SKkmo He
BUHHUKATUME HEMOPO3yMiHb, 3aMiCTh TEPMIHY «IudepeHIliaibHe PIBHSHHS» 1HOII
BUKOPHUCTOBYBATUMEMO TEPMIH «PIBHSHHS».)

Osnauennsi. Poss'siskom ougepenyianvrnoco pisuanns (1.3.1) na oesaxomy
inmepeani (a;b) nasueacmvcs Oughepenyitiosna Ha yvomy IHmMepsani QyHKyisn
y =@ X), sixka npu niocmanosyi 6 piensinns (1.3.1) nepemsopioc tioco y momooicnicmo

Ha (a;b), moomo

xe(a;b): ¢'(x)= f(X,@(x)).
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Hanpuxman, ¢ysakmis Yy=X In X, Xe(0;+w©), € po3B'sI3KOM piBHSIHHS

xy'—x —y = 0. JlilicHo, miAcTaBIsAI0YH 110 QYHKIIIO Ta ii moxigny y'=InX + 1 B
JaHe PIBHSHHSA, JICTAEMO TOTOXKHICTh
x(Inx+1)—x—-xInx=0; xe (0;+x).

HeBaxxko mepexoHaTucs, 10 PO3B'SI3KOM JaHOTO PIBHAHHA € TaKOX (YHKIIS
y=x In x + Cx, ne C — noBinbHa craia. Hagaroun C qOBUTLHOTO AIHICHOTO 3HAYCHHS,
mopa3y diCTaEMO PO3B'SI30K JAHOTO PIBHSHHS, TOOTO MAEMO  HECKIHYCHHY
MHOKHHY PO3B'SI3KIB.

['padik po3B's3ky audepeHIaTbHOTO PIBHSIHHS HA3UBAETHCS IHME2PAIbHOI

KpU6oo IbOTO PIBHSIHHSL.

Osnavennsi. Po3g’saskom ougepenyianvruoco piensannsa (1.3.1) na npomisxcky <ab>

Haszusaoms 6y0b Ky QYHKYIIO
y=p(x.c), (1.3.6)
WO 3a0080JIbHAE MAKI YMOBU.
1) ¢yuryin ¢(x,C) mMae Ha 6KA3AHOMY NPOMIICKY Henepepeny NOXIOHy i npu
Xe<a;b> He guxooumw 3 obnacmi uznauenHs D .
2) Vxe<a;b> suxonyemocs pienicmo (momooicnicmo) ¢'(X) = f (X, (X)) .
Po3p’si30k  nudepenmianbHoro piBHsHHSA (1.3.1) MOXXHa TakoX 3amucaTv y
napameTpuuHii Gopmi
x=X(), y=y({), te<ae, >,
SIKIIIO TIPY IIbOMY BUKOHYETHCS TOTOXHICTh
,
YO _ £ 1), y(t) te<a > x(t)#0.
X'(t)

Ax Gauumo, mpu po3B’sA3yBaHHI AUDEPEHINATHFHOTO PIBHSHHA MH OJIEPKYEMO
HECKIHYEHY MHOXKHHY pO3B’si3KiB. [IpoTe Ha MpakTHUIll 4acTO JOBOJIUTHCS 3HAXOIAUTU
HE BCl PO3B’SI3KH, TOOTO HE 3araJibHU pPO3B’SI30K JIU(EpPEHIIaTbHOTO PIBHSIHHSI, a
PO3B’SI30K, 1110 33/I0BOJIbHSE TIEBHI J10/1aTKOB1 yMOBH. OJIHIEIO 3 TaKMX 3a7a4 € 3a71a4ya
Komil.

Jns nudepenuianbaoro piBHaHHA (1.3.1) 3apaya Komi gpopmyntoerbes Tak:

Cepeo ycix po3e’saskie ougepenyianrvhoco pisHanua (1.3.1) 3natimu maxui
po36’a30k  y=Y(X), AKUU Npu 3a0aHOMY 3HAYEHHI HEe3ANeHCHOI 3MIHHOI X=X,

OOPIBHIOE 3A0AHOMY 3HAYEHHIO Vo, MOOMO
y(xo): Yo (137)

[Ipu upoMy umcna x,,Y, Ha3WBaIOTh MOYATKOBHMM JaHUMH , a yMOBY (1.3.7) —
M04YaTKOBOI YMOBOIO.

! Orrocren Jlyi Komri (1789-1857) — ¢paHity3bkuii MaTeMaTHK
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3 reoMeTpUYHOI TOYKM 30py 3HAWTHU po3B’sA30K 3anaul Kol o3Hauvae 3HANTH
IHTErpajbHy KPUBY IIOTO PIBHSAHHS, SIKa IPOXOAUTH Yepe3 3aiaHy TOUKY ( X,, Y, )-

[lpukmaa. 3 ycix po3B’si3KiB AUDEPEHIIATBLHOTO PIBHIHHS y':—l 3HAWUTH
X

PO3B’SA30K, SIKHW 3a/I0BOJIbHSIE TOYATKOBY YMOBY Y(1) =2
dy_y_ &y o,

In|y|=—In|x|+Injc,| ¢, #0 = |y|:M:> y:E (c#0)
dx X y X X X

c
3a/10BOJIBHSEMO MOYATKOBY YMOBY 2 = 1= ¢= 2.

. . 2
OTtxe, po3B’sa3koM 3aaaui Komri € po3B’s30k y=—.
X

3 TeOMETpUYHOI TOYKH 30py MU 3HAWNUIM IHTETPabHY KPHWBY BHXIJHOTO
piBHsIHHS (TinepOosa), sika IPOXOAUTh Yepe3 3a1any Touky (1;2).

3agava Ko, abo 3a7a4a 3 mo4aTor YMOBOIO ISl TU(EPEHITIaTbHOTO PIBHSHHS
(1.3.1), He 3aBx M € pO3B’s3HOI0. Moke OYyTH, 1110 HE iICHYE JKOIHOT QYHKINT Y = y(X),
gka 0 Ha 3aJlaHOMy TPOMDKKY <a;b> 3a70BoJbHsIA AudepeHIliaibHe PIBHSHHA 1
BIJIMTOBIIHY TIOYAaTKOBY yMOBY. Y IIbOMY BHIAAKy KaxyTh, MmO 3amada Kormri
PO3B’S3KIB HE MAE.

Moxe OyTu Takox, 1O AudepeHliadbHEe pPIBHSIHHSA 1 IOYAaTKOBY YMOBY
3aJI0BOJIbHSIE HE TUIBKM J1aHa (QyHKIisA. B 1ipoMy BHMAIKy KaxKyTh, 110 3a1adya Ko
Ma€ HE €JMHUN PO3B’S30K.

Brnepiie qoBeneHHs icHyBaHHS pO3B‘s3Ky AudepeHiianbHoro piBHsHHSA (1.3.1) 3
MOYAaTKOBOKO YMOBOIO (iCHyBaHHS poO3B’s3Ky 3amadl Komri) Oyno mnoOygoBaHO
Jxysene Ileano? .

Teopema Ileano. Axwo ¢pyuxyia f(x,y)Henepepsna 6 oonacmi D niowunu xOy,
MO ICHY€ HenepepeHa pasom i3 C80€I0 NOXIOHOI0 NePuL020 NOPAOKY QYyHKYisa Yy = p(X),
KA € pPO38 ‘A3KOM Ougepenyianvno2o pieHsaHHA — y'=f(X,y), wo 3a00801bHAE
nouamrogy ymosy y(x,) = Y,, 0e (xo,0).

Ane TeopeMa JOBOAWTH JHINE ICHYBaHHS pO3B‘SI3KYy, SKHUWA 3a0BOJBHSIE
MOYATKOBY YMOBY, a HE €UHICTh TAKOTO PO3B‘SA3KY.

Teopema Komi (nmpo icHyBaHHS Ta €IMHICTb PO3B’sA3KY 3a1aui Kori).

Hexati ons ougpepenyianvrozo pisnanns (1.3.1) suxonyromscst maki ymosu:

1) yuxyia  f(x,y) € HenepepsHow 8  3AMKHEHOMY  NPSIMOKYMHUKY

ﬁz{(x, y)‘|x—xo|Sa,|y—yo|sb}, oe a i b — oeaxi oooamni uucna. Tooi,
6Hacniook mozo, wjo f(x,y) Henepepeuna 6 3amKHeHili oOiacmi, 6oHA ) Yl
obnacmi € obmednceHor, moomo
[f(xy)|<M;
2) ¢yuxyis f(Xy) 3a 3MIHHOIO Y Y RPAMOKYMHUKY R 300060JbHAE YMOBY
Jinwiya®
LICARRICA7 BRI AP
oe L - cmana (Jlinwiya), (x,y,) i (X,y,) 006inbni mouku 3 npamoxkymuuxa R,

2 JIxyserne Ieano (1858-1932) — itainiiicbkuit MaTeMaTHK.
3 Pynosnbg Jlimmrin (1832-1903) — HiMelbKHiT MATEMATHK.
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Tooi wna 6idpisky [x,—h;x,+h], Oe h:min{a,%}, ICHYE €OUHUL DPO38 30K

y =Y(X) oughepenyianvnozo pisnanns (1.3.1), axuii npu x e [x, —h; X, + h] ve suxooumso
3a MediCi npAMOKYmHUKa R i AKULl npu X = X, O0PI6HIOE Y,, Mobmo  y(X,) =Y, -

[lepeBipsiTH B KOXXHOMY BHUIAAKy yMoBY Jlimmmma AOCHTH CKIaaHO. Tomy
KOPHUCTYIOThCS JOCTaTHBOIO 03HAKOIO BUKOHAaHHS yMoBH Jlinmiriia, a came:

Teopema. Sxwo ¢ynxyia f(x,y) y npamoxymuuxy R mae obmednceny 4acmummy
NOXIOHY No Y,
f5(x,y)|< A,

0e A — 0ooamme wucno, mo ymosa Jlinwiya onsa maxoi QyHKyYii 6UKOHYEMbCAL.

Hexai
y =(x,c) (1.3.8)
3araJbHUN  po3B’s30K  AudepeHiianbHoro piBHsHHA (1.3.1). Hexait Ttakox
MMOYaTKOBUMHU YMOBAMH [JISI HBOTO € Y, = Y(X,) (TOOTO X,,Y, - JOBLIbHI MOYATKOBI

nani). Toail 3a Teopemoro Kol 13 3aranbHOro po3B 3Ky MOKHA OJIEPKATH €IMHUN
PO3B’S30K, IO 33J0BOJIBHSE 33/1aHy IMOYaTKOBY yMOBY. [Ipu boMy MOTpi1OHO 3HANTH
3HayeHHs C, 110 BIAMOBITAE MOYATKOBUM JAHUM X,, Y, -

Taxkum ynHOM, criBBimHOIEeHHS (1.3.8) Mae qomyckaTu po3B’si3aHHS B1IHOCHO
C, 1 3Haiiene 3HaueHHs1 C Ma€ rapaHTyBaTH €JUHICTh PO3B’ 3Ky 3aaa4i Komri.
BpaxoByroun 11e, MOXHA JaTH TaKe O3HAYEHHS 3arajbHOr0  PO3B’SI3KY
mudepeniiaabHoro piBHsHHA (1.3.1).
Osnavennsi. Hexaii oonacmv Dc R, € miclo obracmio, 6 KONCHIU mouyi AKOi
ougepenyianvhe pieuauns (1.3.1) mae eounuti poss’azox. Tooi ¢yHxyiro
(1.3.8), wo susnauena 6 oesxiu obracmi sminnux x,C i mae 8 yiil
obracmi HenepepsHy NOXiOHY N0 X, HA3UBAIOMb 3A2ANbHUM PO38 S3KOM
oughepenyianvroeo piensanns (1.3.1), axwo:
1) cnissionowenns (1.3.8) donyckae poss szanns eionocro C, Y(x,y) € D, moomo
C=%(xy)
2) Y(x,y)eD ¢opmyra C="¥(x,y) 0ac maxe 3nauenns C, KIOHAIOUU oo, NPU
saxomy pyukyis (1.3.8) € poszs sizkom ougpepenyianvroeo piensanns (1.3.1).
SAxio BiIoMO 3arajbHUN PO3B’ 30K AU(GEPEHINIaTLHOTO PIBHAHHS, TO MalO4yu
MOYaTKOBI1 JaHi 3 objacti D, MOXKHA 3HAWTH IS IUX MOYATKOBUX JAHUX PO3B’ 30K
3anaui Komri.
O3naueHHn. Po3g’s30k ougepenyianvroco pisnsanns (1.3.1), 6 KodicHill mouyi aK020
BUKOHYEMbCSL YMOBA EOUHOCMI, HA3UBAEMBC YACMUHHUM.
TakuMm 4MHOM MpPU KOKHOMY KOHKPETHOMY 3HadeHHi ctanoi C, BKIIOYAIOYu
+o0, MU OYJIEMO OJIEP>)KYBaTH YaCTUHHUN PO3B’S30K.
3ayBaxuMo, 110 3araJibHUM po3B’si3koM (1.3.8) € ciM‘st KpuBHX, 3aJI€KHUX Bij
napametpa C. 1o ciM ‘10 Ha3UBalOTh IHTETPATBHOIO CIM’ €10 KPUBHUX.
YacTUHHUM PO3B’SI3KOM € OKpeMa KpHBa 13 CIM‘i iHTerpaabHuUX KpuBuX. Llt0
KpPYBY Ha3MBaIOTh IHTETPAIbHOIO KPUBOIO AU(epeHiiiaibHOro piBHsIHHS (1.3.1).
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OTxe, sixuno 3aaada Ko mist nudepenuianbaoro piBasuaas (1.3.1) B obnacti D
Ma€ €IUHUN PO3B’A30K, TO Yepe3 KOXKHY TOYKY 00siacTi D MpOXOAWTH TiTbKU OJHA
KpHUBa IHOT0 TU(EPEeHIIaATbHOTO PIBHSIHHA.
[Tpukmna. JoBectn, 101(4) yepes KOXHY TOYKY obmacTi
D= {(x, y)|xeR, yeR,|X{<a,ly|< b} MPOXOJWTh TUIBKM OJHA IHTErpajbHa KpHUBa
AU EPEHIiaJbHOrO PIBHAHHSA: Y’ = X* + y?
[lepeBipumo BuKOHaHHS yMOBH Teopemu Korri
1) Oyukmis f(x,y)=x*+y> B obmacti HemepepBHa (ouyeBuaHO). OTKe, mepiia
yMOBa TEOPEMHU BUKOHY€ETHCS.
2)DyHKIis f(x,y) Mae YaCTUHHY MOX1THY 1o y:
i =2y =
oy
yepe3 KOXXKHY TOYKy o0O0JacTi TNpPOXOAWTh €IuHA IHTErpaJibHa  KpHBa
nudepeHIiaIbHOTO PIBHIHHS.

%‘:2|y|£2b V(x,y)e D. Jlpyra yMoBa TEOpEMH BUKOHYE€TbCS. Tomy

1.4 T'eomerpmuna intepnperanis. Ilose HnHanpsamkiB. I3okainn. Jlamani
Einepa.
Hexaii 3amaHo piBHsHHS nepimioro mnopsaky (1.3.1) y'=f(x,y). byaemo
BBakatH, mo f(x,y) - HemepepBHa B Aeskii obmacti DcR, 1 D - € o0iacTio
BU3HAUEHHS JaHOTO Ju(epeHIiaIbHOTO piBHAHHA. BubepemMo TOuky (X, Y,)eD 1

IM1JCTaBUMO ii B IpaBy 4acTUHY piBHSAHHSA (1.3.1)

dy _
i = 0 Yo) (1.4.1)

Takum uymHOM, TOUll (X,,Y,) 3a JONOMOroK JU(EepPEeHLIaTbHOTO PIBHAHHS
(1.3.1) craBuThCA y BIANOBIAHICTH IIEBHE 3HAYCHHS, a came 3HadeHHsA (1.4.1)
MOX1HOT.

Sxmo yepe3 TOYKY (X,,Y,) TPOXOAWTH TI€BHAa IHTErpajibHAa KpHBa
dy
dx

YTBOPEHHI TOTUYHOIO, IO MPOBEJEHA JO 1HTErpaJbHOI KpUBOi B TOUIlll (X,,Y,), 3

mudepenmiaabHoro piBHsHHSA (1.3.1), TO g = (X0, Yo) =10, € @, - KyT,

y=Yo

J0JaTHUM HarnpsMoMm oci Ox, ToOTO
a, = arctg(%} = arctg f (X,, Y,) (1.4.2)
X

Takum yMHOM, 3a Jomomoror audepeHuianbHoro piBHAHHS (1.3.1) KoXHIM
Toulll (X,,Y,) CTABUTHCS y BIJNOBIIHICTb MEBHUN HANPSAMOK (KYT), 1110 BU3HAYAETHCS
dbopmymoro (1.4.2). Toxi

Y(x,y)e D 3Ja, a=arctg f(X,y) (1.4.2)

Tomy nudepeHuianbHe pIBHSIHHS MOKHA THTEPIPETYBATH TEOMETPUYHO SIK TaKe,
110 3aJ71a€ B 00y1acTi D T0JIe HAIpsIMKIB.

V4 [Tone mMoxHa 3agaBaTu crpuikamu. HampsiMm koxHOT
CTPiJKU BU3HAYa€Thes 3a popmynoro (1.4.27).

TakuM yuHOM, IHTErpaibHa KPHUBA, 110 MPOXOJUTH YEPE3
TOUKY (X,y)eD BIAPI3HAETHCA BiJ IHIIUX KPUBUX, LIO

npoxoasdaTh 4YCpE3 3aJlaHy TOUYKY THUM, IO HAIPAMOK

v
>
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JOTUYHOI 70 11i€i KpuBOi B Toulll (X, ) 30iraeTbCcs 3 HAMPSIMKOM TOJISI, 3aJlaHUM
nudepeHIiaIbHUM PIBHSHHSM (ke o = arctg f (X, y) - pIBHSHHS HaIIPSIMKIB MOJIAA, aje

. d o .. . . .
3 1HIIOI'o 60Ky tga = d—y =k KYTOBHHU KOC(blLIlEHT AOTHUYHO1 OO 1HTCTPaIbHO1
X

KpUBOI).

ToMy reomeTpruyHO 3a1ady IHTErpyBaHHs Iu(epeHIIAIbHOTO PIBHIHHS MOXHA
chopMyTIOBaTH TaK: 3HAUMU MAaKi Kpuei, OOMUYHI 00 SAKUX 8 KONCHIU MouYi
30i2aromvcs 3 HANPAMKOM NOJIAL 8 Yill Moyyi.

JInst moOy10BU TMOJIs1 HAMIPSMKIB BUKOPUCTOBYIOTh METO/T 130KITiH.

Osnauenns: I30kninoio nazusacmocs kpuga Ha niaowuni xOy, y KO*CHIU Mmouyi

SAKOI nojie Mae 0OHAKOBUU HANPSMOK.

y 4 TakuM 4MHOM, B KOXKHIM TOYIll MEPETUHY IHTETPaIbHUX
KpUBHUX 3 TEBHOIO I30KIIHOIO JOTHUYHI JO WX KPUBUX
CKJIaal0Th 3 Biccto Ox OOMH 1 TOM caMui KyT (OAHUH
HATIPSMOK).

«130KJI1H» - (JIIHIS OTHAKOBOT'O HAMPSMKY )

a PiBHAHHS  130KJIH MOxke OyTH 3amucaHe 3
U epeH1aTbHOTro PIBHSIHHSL. Tak, JUISL
mudepenitianbHoro piBHAHHSA (1.3.1) piBHSHHS 130KJI1H MaTUME BUTIIS]T
f(x,y)=a (1.4.3)

a — napameTtp. KokHomMy 3HAYeHHIO @ — BIJIIOBIJIA€ CBOS 130KJIIHA.
Hanpsmox mosist (Ko>XKHOT 130KJIIHN ) BUZHAYAETHCS (POPMYIIOLO:
a =arctga (1.4.4)
[lpuknag. IloOynyBatu 1mone HampsAMKIB, L0 3adaHe AU(EpeHLIaTbHUM
PIBHSHHSM Yy’ =2x. 3a pe3yibTaTaMd MMOOYJOBU CXEMAaTUYHO 300pa3uTH CIM IO
IHTErpaJIbHUX KPUBUX - PO3B’S3KIB 33JaHOTO PIBHIHHSI.
Po3B’s13yBaHHs.

) e . a
CkrnagaeMo piBHSHHS CIM‘T 130KJIIH: 2X=a = X=—

BukopHuCTOBYIOUM JOCHTH TYCTy CIM‘I0 130KJIIH, MOYKHa

MY | e YSABUTU CIM‘10 IHTErpaJIbBHUX KPUBUX.
x=0=y'=0 a=0

/,/
NSNS
q A

1 , V4
X===VY'=1 a=—
2 4

x
22
/
LN

< ¥ x=1= y'=2 a=arctg2
K\\ -1 ,/, 1 ’ 1 3z

X=—==>Yy'=-1 a=—
K\ —-»’x 2 4

X=-1=y'=-2 a=-arctg2

MaTumemo cim ‘1o mapa6oi. 3 iHmoro 60Ky: % =2x = y=[2xdx=x"+c.

Axmo y piBusaHi (1.3.1) mpaBa yacTuHa 30epirae cBiii 3HaK, TO

y BUMagKy f(x,y)>0=y >0= OyIp-sIKUi pO3B’S30K pIBHSAHHSA 3pPOCTAE Yy
KOKHI/ CBOIM TOULIl IEPETUHY 3 130KJIHOIO.

y BUNaaky f(x,y)<0 =y <0 = Oyab-SIKUW PpO3B’SI30K PIBHSHHS CIaga€ y
KOKHI/ CBOIM TOULIl IEPETUHY 3 130KJIHOIO.
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y Bunaaky f(x,y)=0=y =0 OyIp-KHil pO3B’A30K pIBHAHHA ab0 Mae
eKCTpeMyM, a00 TOUKH MEePEeruHy y KOXKHiil CBOil TOUIll IEPETUHY 3 130KIIHOIO.

BiamosinHa 130KJ1iHa HA3UBAETHCS JIHICIO eKCmpeMyMia, SIKIIO Ha Hi y' =0, a
JBOPYY 1 IpaBOpyY Big Hel y' Mae pi3Hi 3HAKH.

B npukinai giHiero ekcrpeMyMiB € siHisg x=0, (Oy) — niHis MiHIMyMiB.

SAxio apyra nmoxigHa y” po3B’s3ky piBHsAHHA (1.3.1), ToOTO

, of of dy
=+ — 1=
ox ox dx
y"—i+—y,
OX OX
of
"=+ —f(X,
Y =t o (X, Y)

30epirae cBiii nomaTHUM (BiJ’ €MHHUIN) 3HAK, TO Oyab-siKa 1HTETpajlbHA KPUBA BrHYTa
(omykna). [30kmiHU, B AKUX 1HTETrpalibHI KPUBI MalOTh MEPErvH HA3WBAIOTb JIHIAMU
nepezumy.

B npukianai yir=2 >0 =. OTxe Bci iHTerpaibHl KPUBI € BTHYTUMH (JIMB. MaJIOHOK).
Mu posrnsaanu piBHsHHS (1.3.1) % = f(x,y) y npunyiieHi, mo f(x,y) CKiHueHa

y Oyab-siKi Toulll 00JiacTi BU3HAYeHHsT D audepeHIiianbHoro piBHsIHHSA. TuM camMum
MU BUKJIIOYWJIM HalpsMA JOTUYHUX (HampsMH TOJsl), mapayensHi oci  Oy.
['eoMeTpuyHO 11€ BUKJIIOYEHHS HE € BUIPaBAaHUM. TOMy B I[bOMY BHUMAJIKYy 3aMICTh
piBHsiHHSA (1.3.1) Oyaemo po3risanatu, Sk MU B>K€ 3a3HaYUIIM, PIBHSHHS

dx _ 1
dy f(xy)'
BUKOPHUCTOBYIOUM MOTO B OKOJII TUX TOYOK, B sSKuX f(X,y) —oo. (I mami, sk Bxke
3a3Hayasocs, 0 pO3B’SI3KiB @ _ f(X,y) IpU€IHATH PO3B’SA3KU PIBHIHHS ax :;,
dx dy f(x,y)

a TAaKOXK PO3MJISIAAIOTHCS BIJIMOBIIHI 130KJIIHN).

0 0 o .
V Toukax B Ikux y' =—, abo 0 Ka)XYTb, 110 T10JIC Ma€ HEBU3HAYCHUM HAMIPSIM 1 B
0

IMX TOYKAX HE TMPOXOAUTh >KOJHA IHTErpajibHa KpuBa. AJie HE BUKIIOYAETHCS
MOXJIMBICTh ICHYBaHHSI KPUBHUX Y =@(X) a00 Xx=w(y), 110 MalOTh TaKy BJIACTHUBICTb
y—Yy, IpU X—>X, a00 x—> X, mpu y—y,. [Ipo Taki kpuBi (PO3B‘SI3KU PIBHSHHS)
KaXXyTh, III0 BOHU IPUMHUKAIOTH 4O TOYKHU (X,,Y,) -

Posrnsinemo 1me omuH Metos (HAOMMXKEHHM) 3HAXO/DKEHHS I1HTErpajgbHUX
KpuBHX qudepenuiaabHoro piBHsaHH:A (1.3.1) — meton Eiinepa.

Hexali HeoOXigHO 3HAWTH poO3B’s30K AudepeHiianbHoro piBHsAHHA (1.3.1)
dy
— = f(X,y) 3 IOYaTKOBOIO YMOBOIO

dx
y(%) = Yo (1.4.5)

Hexait mpaBa uactuna piBasiHHS (1.3.1) 3ag0BonsHsAe yMoBU Teopemu Ko mpo
ICHYBaHHS Ta €IMHICTh PO3B’A3KY.
Toxi wa Bimpi3ky [X,—h,x,+h], h>0 icHye emunuii po3B‘s30k y=y(x), mI0

3a/I0BOJIbHSIE TOYATKOBY YMOBY (1.4.5).
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P0310°‘eMo B1API30K [X,, X, +h]Ha N yacTuH (HEOOOB’SI3KOBO PI3HUX) TOUKAMHU
Xo <X <X, <...<X, =X, +h

Yepes Touky MOy IpOBEAEMO IpsiMi, apaieibHi oci Oy

yA
M1 I3 Toukn M, (XY,) TPOBEAEMO BIAPI30K TMPSIMOI,
Ml.:%fy\/ \M HaXWIECHOI 10 Ocl 0x' i KyTOM, IO JOPIBHIOE
M, &; A, 2 »"n HampsIMKY 1oyt B Todulli M, (X, Y,), 10 TIEPETHHY 3
« TIPAMOIO X=X . Y pe3ylbTari JICTAaHEMO TOUKY M, (X, Y;),
XX X, Xy x A€ Vi=Yo+Ay

Ay =tgag (% — Xg) = T (X, Yo) (X —Xg)

OTxe, OpAUHATOI TOUKK M, (X, Y;) €
¥1= Yo+ f (%, Yo) (X = Xo)

AHaNOorivHo, 13 TOUKU M, (X, Y;) IPOBEAEMO BIIPI30K NPAMOI, HAXUIIEHOI 10 OCl
Ox i1 KyTOM, 1110 IOPIBHIOE HAMPSAMKY TOJIS B IiHl TOYIIl JO IEPETUHY 3 TPSIMOIO
X=X,.

Marumemo TouKy M, (X,,Y,)

Yo =Y+ FO4 Y1) (% — %)
3a MeToA0M 1HAYKIIII MOKHA JIOBECTH, 1110
Yn = Yo + F (Xoog Yoo Xy = %021) (146)

Buacnigok Takoi moOyAaoBH OAEpKHUMO JaMaHy, SIKa HOCHUTb HAa3BYy JIaMaHOI
Eiinepa®. A metoq ii moOy10BM Ha3UBaeThCs METOAOM Elinepa.

Koxna namana Eiinepa agae ysiBlIeHHS PO PO3MIILIEHHS Ha IUIOIIKHI BIAMOBIAHOI
IHTErpajgbHO1 KpUBOi( 1110 MPOXOIUTh Yepe3 1aHy TOUKY ).

B Teopii audepeHmianbHUX pPIBHAHb JOBEACHO, IO IMPU BUKOHAHHI YMOB
teopemu Komri MokHa BHOpaTH Taky HOCHIIOBHICT, JnamaHux FEilnepa, ska
Ha0JIMKAEThCA 10 IHTErpaIbHOI KPUBOI.

[Tponiec moOyaoBu namanux Eitepa 371HCHIOETHCS aHAJOTIYHO 1 HA BIAPI3KY

[X —h; %]
B3zaraii, Ha mpakTuIll BIAPI3OK [X,;X, +h]po30uBa0Th Ha piBHI YacTUHH. Toji

JOBXHHA KOXKHOTO YaCTUHHOTO BIZpi3Ka [X,;X,,] JOPIBHIOE % 3Bijgcu popmyia
(1.4.6) MaTUME BUTJIS
h
Yo=Yt f (Xn—l’ yn—l) : E (147)

[Mpuxnang. Metogom Eiinepa noOyayBatu HaOMMKEHO I1HTETpalbHy KpPUBY
nudepeHIliaIbHOTO PIBHSHHS Y = X + Y, IO TPOXOAUTH uepe3 Touky (1;1) Ha Bipi3Ky
[1; 1,5], Ta HabmmkeHo 3HaWTH Y(L5)-

Po3i6’emo  Bimpizoxk [1;15] wa 5 piBHEX vactuH: =01

X =1 % =1L X, =12, X3 =13, X, =14; x; =15

4 Jleonapn Eiinep (1707-1783) — miBeiiiapchkuii MaTeMaTrK i MEXaHiK
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Ckopucrauuchk Gopmynoro (1.4.7): BBaxarouu, mo f(X,y)=x+Yy CKIATAEMO

TaOJIULIIO

VA

233153 [------=-=-=- ,

Jlamana Einepa

V=

15

k Xk yk f (Xk ’ yk)% yk+1

0 1 1 0,2 0,2

1 111 1,2 0,23 1,43
2 |12 1,43 0,263 1,693
3 113 ] 1,693 0,2923 1,9923
4 114 | 19923 0,33923 2,33153
5 | 15 | 233153
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Tema2: Meroau po3B’si3yBaHHs audepeHiajibHOro piBHsinHsa I nopsaaky.

2.1 IudepeniianbHi piBHSHHS 3 BIJOKPEMIIOBAHUMU 3MIHHUMH.

2.2 Opnopigni nudepenmianbhai piBHAHHA. [ludepeHuianbHi piBHIHHSI, SKi
3BOJSITHCS 10 OJTHOPITHHX.

2.3 Jliniitai audepeHmianpHl piBHIHAS | mopsaky (MeTonm Bapiamii JOBiTBHOT
cranoi — merox Jlarpamxka; meton bepHyni; METOJ 1HTErpaJibHOTO MHOXKHUKA —
Metoj Eitnepa).

2.4 JludepeniianbHi piBHIHHS, 10 3BOJATHCS A0 JTIHIMHUX:

- piBHsIHHSA bepHymi

- pisusaas T/(y)y' + f(y)a(x) =b(x)

A(Y)

B(y)x+C(y)
- piBHsiHHA Minainra — apOy
- piBHsIHHS PikaTTi
2.5 PiBHsiHHS y OBHUX AudepeHIiianax. [HTerpaibsHuil MHOKHUK.
2.6 Haitnpocrinn tunu audepeHiiaibHuX PiBHSIHbB, HEPO3B S3HUX BIJIHOCHO
noxinHoi. PiBusiaHs Jlarpamxka 1 Knepo.

- piBHSHHS Y’ =

2.1 Iu¢epenuiajabHi piBHAHHS 3 BiIOKPeMJIIOBAHMMHU 3MiHHUMH

O3unauenns. /[ugpepenyianvhe piGHAHHL MUNy
, d
Y= 190 [ § = 10990 @11

oe f(x), g(y) - HenepepeHi Qyurkyii 8 obnacmi
Do={(X,y)eRz|x € (a;b); y e (c;d)} HA3U8army PIGHAHHAM 3

BI00KPEMIIOBAHUMU 3IMIHHUMU.
Skmo g(c,) =0, To, oueBHUHO, cTana QYHKINST Y =C, € PO3B’I3KOM PIBHIHHS

(2.1.1).
Hexaii g(y)#0ye(c;d). Bimokpemmroroum 3miHHI B piBHsHHI (2.1.1),
(BpaxoBy€MO, 110 PIBHSIHHS % =f(x)g(y) i dy=f(x)g(y)dx € exBiBanenTHUMN),
dy dy . .
Ma€eMOo i f(x)g(y)= @: f(x)dx = - mudepeHmianbHe PIBHAHHS, B SKOMY

koedinieHT npu dX € ¢yHkmiero Big x, a koedimientT npu dy - GyHKIE Big ),
HA3WBAIOTh PIBHSHHAM 3 B1JIOKPEMJICHUMHU 3MIHHUMHU.
dy dy
= ———f(X)dx=0 = d(x,y)=| ———| f(x)dx=c (2.1.2)
g(y) j g(y) j
y X
abo d(X,y)= jﬁ—f f (x)dx=0 y npumymieni, mo g(y,) #0.

Yo X

[Tokaxkemo, 1o (2.1.2) € 3arampHuM iHTEerpajom piBHAHHS (2.1.1) B oOmacTi

D, :{(x, y) € R,|x e (a;h), ye(c;d)}.
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3HaiinemMo moBHy noxigHy Bifg (2.1.2) (moBuHHI onepxcaTH(ij =0):
X

do
— = =——-f — f 0
. { g(y)} [rroon, - Sy 0= T ()~ 0 =
(o 1 moTpiOHO OyJI0 MOKa3aTu).
()
PiBHicTB ¢J. %—J. f (X)dx =0 Bu3Hauae po3B’s30K Y = @(X) piBHsHHAS (2.1.1)
yO XO

3 IOYaTKOBOIO YMOBOIO Y, = @(X,) (Y, € (c;d)).

[Toxaxxemo, mo (2.1.2) BuU3HAYAE €AWHWN PO3B’SI30K AUGEpPEHITIaTLHOTO
piBasHHES (2.1.1) 3 mMOYaTKOBOIO YMOBOW Y, =@(X,). Hificho ¢ynkuis D(X;Yy)

32/I0BOJIbHSIE YMOBH T€OPEMH MPO 1ICHYBaHHS HESIBHOT (DYHKITIT:
. . 1
1. wactuHHI noxigHi: @) =—f(x), ol :w

JBOX HE3aJIE)KHUX 3MIHHUX X 1), HENlepepBHI B 001acTi Dy ;

(ButmuBae 3 (2.1.2)), ax ¢yHKIi

2.0 ,= L;féO (3a IpUMYIIEHHSAM — IUBUCH IOYATOK LIbOTO MTyHKTY);

a(y)

3. axmo (X,,Y,), TO KoHcTaHTy C (B piBHsHHI (2.1.2)) MOXKHA BHOpATH Tak, 10

D (X, Yo) =0.

Toni 3a TeopeMor0 Npo iCHYBaHHSA Ta Au(pepeHUINOBaHICTh HESABHOI (yHKIIIT
piBHsHHS (2.1.2) BU3HAuYa€e y JAEIKOMY OKOJIi TOYKH X, €nuHy (yHKI0 Y= @(X)
TaKy, mo Y, = @(X,), Ipuaomy

O, (xy) —f(x)

y’=—®y(x,y)=— 1 = 1()-90)

g(y)
Omxe, 3HaiineHa ¢yHkmis Y=¢@(X) € po3p’sskoM piBHsHHA (2.1.1) 1 mpm
3pobsienux mpunyiieHHax (2.1.1) BignocHo ¢yukimiin f(X) i g(y) audepenmianbHe

piBusHHsA (2.1.1) Mae eawHMII PO3B’S30K, IO 3aJ0BOJIBHIE HaIepel 3aJaHy
MOYaTKOBY YMOBY Y, = @(X,). To0OTo 4yepe3 koxHy (X,,Y,) € D, mpoxomuTs €aunHa
1HTerpainpHa KpuBa audepeHiiaibHoro piBHsHHs (2.1.1). A BianosigHa 3amaya Komri
Ma€ €JMHUN pPO3B’S30K.

y dy y dy dx dy dx

Mpuknag, y'=—-+ =>—2=—-= >—==——— = —+—=0>=
X dx X y X y X
jdy f——cl Injy|+Inx/=c, = Inly|+In|x =Inlc| = yzg - 3arajbHUil
iHTerpaJI.

Bunanok, komu g(y) =0 npu y =C, Mu Bxe po3riisaaim.

OueBunHo, mo Y =C, - po3B’s130k nudepeHmianbHoro piBHsHHS (2.1.1). ko
1Iel PO3B’SI30K OJICPKYETHCS 3 3araJibHOTO 1HTErpany (2.1.2) mpu nmeBHOMY 3HAauY€HHI
C, 1o uelt po3r’s30k Oyne yacTUHHUM. Skio po3B’si30k Y =C, He oAepKyeThes 3

3arajbHOTO IHTerpasly npu >komHoMmy 3HaueHHI C, To po3B’szok Y =C,
BBa)KaTUMEMO O0COOJIUBUM PO3B’A3KOM.
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2
=3/y . Hexaii y=#0, Toai dy =dx = x:j—y=§y3+C =

3y
3
= F (x c) =y —@j (x—c)® = y:ig\/?/(x—c)g, X>C (%)

OquHzLHo, mo 1 Y=0 - € po3B’A3Kk0OM BUXIAHOTO AU(EepPEHIIAIBHOTO PIBHSAHHS,

[Tpuknan. dy
dx

ane Y =0 nHe onepxyerbes 3 (*) mpu xonHomy 3HaueHH1 C. Orxe, po3B’si30k Yy =0-
€ 0COOJIMBHM.

Wi

y

Z
\

J1o piBHSIHB 3 BiJIOKPEMITIOBAHUMH 3MIHHUMH BITHOCUTHCS PIBHSIHHS BULY
P()Q(y)dx+ P (x)Q,(y)dy =0 (2.1.3)
BoHo mae Ounbin 3aranbHUi BUTIsn Hix (2.1.1).
Hexaii P(x), Q(Y), P,(x), Q,(Y) - HeniepepBHi pu BCIX PO3IIISIIyBaHUX 3HAYCHHIX X

1 Y. [ToMHOXMMO 001M/1B1 YacTUHHM piBHSIHHA (2.1.3) Ha m (Y mpunyIleHHI,
wo P (x) =0, Q(y) #0)
PO gy @) gy g (2.1.2)
RO) Q)
3aranpHUM 1HTErpasoM piBHsSHHS (2.1.4), a omke 1 (2.1.3) Oyne
P(x) Q. (y)
———dx+ dy=C 2.1.5
P ™ om @~ -
abo
h P(X) Ql(y) d — 21 6
Jo0 ™ o @~ (219)

ne P (x) =0, Q(y)=0.
[Moknanmatoun B (2.1.6) C =0 1irte mo P, (x) =0, Q(y) #0 - ogHOUaCcHO, OJIEPKYEMO
PO3B’S30K BiJINIOBITHOT 33/1a4i 3 TOYATKOBUMU JaHUMH (Xq, Vo)

PO, U, .
o0 o) ¥=° @17)

3ayBa)KEHHs.

Po3w’s3ku (2.1.5) - (2.1.7) omepxkani y npunymensi, mo P (x) =0, Q(y) #0.
[Tpu upomy kopei piBasHb P (X) =0, Q(Y) =0 - € po3s’s3kamu audepeHIiaTbHOTO
piBHsHHSA (2.1.3).
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HiiicHo, Hexaii P (b) =0 (X =Db- xopinb piBasuaus P (X) =0). Toxi x=Db -

KOP1Hb BIAMOBITHOTO U(EPEHIIaTFHOTO PIBHSHHS.
P(d)-Q(y)-db+P(b)-Q(y)-dy=0 db=0, R(b)=0 =
0=0 - TOTOXHICTb.

Amnanoriuno, skmo Q(C,) =0 (y =C, - kopins piBasaHs Q(y)=0), T0 Yy =C,
- KOpiHb BIAMOBITHOTO TU(EPEHIIAIbHOTO PIBHSIHHA.

Sxmo m po3B’s3KM HE OAepKYIThes 3 (2.1.5) abo (2.1.6), mpu mneBHHUX
9UCIOBHUX 3HaueHHAX C, TO BOHU SBJISIOTH 0CO0JIMBI po3B’si3ku piBHSHHSA (2.1.3).

Axmo BoHU onepxkyroThes 3 (2.1.5) abo (2.1.6), mpu meskux 3HaueHHsAX C, TO
BOHU € YaCTUHHUMH PO3B’ I3KaAMHU.

3 po3B’si3ky Y =C, Tpeba BHKIIOYUTH TOYKY 3 aOCHHCOI0 X =D, OCKUIbKH B

T. (0,C,) piBHsHHS (2.1.3) He BU3HAYAE HATIPSIM:
dy _ P(XQ(Y) 0
dx  R()Q(y) O

AHAJIOTIYHO, 3 PO3B’s3Ky X =D TOTPIOHO BHUKIIOUUTH TOYKY 3 OPAMHATOIO
y=C,.

Takum yrHOM, po3B’sizku Buay Yy =C, (Xx#b); x=Db (y=C,) npumukaiots B
touri (b,C,) 1 MOXKYTh BUSBUTHCH OCOOJIMBHMH. [HIIMX OCOOJIMBUX PO3B’S3KIB HE

ICHYE.

2 / 2 4\

Mpukran, {xwll yedx+ yvl-xdy=0
y(0) =1
xdx + ydy =0 (x;tJ_rl,y;tJ_rl)
V1-x2 J1-y?

3aranpHuM 1HTErpa: Vi-x2 + \/l— y> =C
y=1(-1<x<1)
y=-1(-1<x<1)
x=1(-1<y<1) - PO3B'A3KH, SIKI MPUMHUKAIOTH BIIMOBIAHO B Toukax (-1;1),
x=-1(-1<y<1) (-1;-1), (3;-1), (1;1)..
y=1, y=-1,x=1, x=-1 — ocobauBi po3B'sa3ku!!l — ockibku HE OACPKYIOTHCA 3

3arajbHOTO THTErpagy Mpu K0JHOMY 3HaueHH1 C

Po3B’spxemo BianoBinHy 3anavdy Komii:
[Toxnanemo y 3aranpHoMy iHTerpam X=0, y=1
V1-0% +41-12 =C = C =1

\/1— X2 + \/1— y2 =1 - po3B’s30k 3agau4i Korii.

Ane uepe3 touky (0;1) mpoxomuth 1 ocoOmuBHil po3B’sizok Y =1. OcTtaTouHO
oJiep KaJii JIB1 IHTETPaJIbHI KPUBI, 1110 TPOX0aaTh yepe3 Touky (0;1):
V1-x2 +41-y? =1,i y=1 (~1<x<1).

3ayBakeHHs. PiBHAHHSA dy = f(X), dy = f(y),
dx dx
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X(x)dx+Y(y)dy=0
MO>KHa BBa)KaTH YaCTUHHUMHU BUIAAKaMH piBHSIHHS (2.1.3)
J1o piBHSIHHS 3 BIJOKPEMJICHUMH 3MIHHUMH MOKHA BIAHECTH PIBHSIHHS

%z f (ax+by +c), (2.1.8)

a,b, C - meski crai BEIUYHHM.
[Toxmamemo z(X) =ax+by+c =

1 dy 1 ,dz
==(z(x)—ax-c), ——==(—-a
y=y X VN Grotal))
JlicraeMo piBHSHHS
1 dz dz dz
=(—-a)=f[z(x —=bf(z)+a abo —=a+bf(z
(-a)= 1] = L=br@va ato  S=atbi()
Sxmo a+ bf (z) #0, To onepxxyemo #12‘(2) = dx
3araibHUI 1HTErpaJl OCTAHHBOTO PIBHSIHHS Ma€ BHUTJIST
dz
% _xic
a-+bf (z)
Axmo @(z) - nepBicHA 11 —————— , TO MAEMO
a+bf (z)

®(z) = x+C abo
®d(ax+by +c) =x+C - 3aranpHUil iHTErpal I BUXITHOTO JAUQEpPEHITiaTbHOTO
PIBHSIHHSL.

SIkimo a+bf(2) =0 = f(z):—% N dfdiz) _

Takum yrHOM, MaTIMEMO Iiie po3B's3ku (ocobmmsi !!!) Burmsimy f(ax + by + c)=const

0 = f(z)=const = f(ax+ by + c)=const

2.2 OpHopiaHi qu¢epenuiagbHi piBHAHHA. {upepeHniagabHi piBHAHHSA, AKI
3BOJAATHCHA 10 OTHOPIAHUX

OsnavenHsi. @yuxyito fT(X,Y) nasusaiomv o00nopionorw ¢yukuicio cmenenss M,
akwo VX, Y,t#0 cnpasocyemvcs momosrcnicmo

f(tx,ty) =t™ f(x,y) (2.2.1)
Hanpuxian.
1) f(x,y)=3x*+y® - ognopigna pyukmis 1% cremens. JiiicHo,

f(tx,ty) =3/(00° + (ty)° =3¢ +y°) =tf (x, y)
X+ty tx+y) _Xx+y_

2) f(xy)="—2; f(txty)= =2 f(x,y)
X—y tx—ty t(x—-y) x-y
f(x,y)= S e AHAJIOTIYHO . . .

X2y —xy? +2x3 —y?

oJHOPiAHI GyHKIIT HyIp0BOTO cTernens (M =0).
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a) OaHopiaHi (udepeHuiaibHi piBHAHHA
O3nauenns. /[udepeniiagbHe piBHSIHHS MEPIIOTO MOPSJIKY

Y_txy) (2.2.2)
dx

HA3UBAIOTh OAHOPITHUM, KO T (X,Y) - € OMHOPITHOO PYHKITIEID

HYJIbOBOTO CTEICHS.

[TokaxkeMo, 10 OJHOpiAHE PIBHSAHHSA  3BOAWTHCA 110  PIBHSIHL 3
B1JIOKPEMJTIOBAHIUMH 3MIHHUMH.

3a o3nauenusm f(tx,ty) = f(X,y).

[Toxmamemo t = 1 xz0 = f(x,y)=f1(, X) (TobTO f(X,Y)= (p(%))
X X
Toni mudepeniianbHe PiBHAHHS MOYKHA 3aITUCATH TaK: ? = (1, X)
X

[To3naurmo %: u=y=xu (y=y(x), u=u(x)).

OTtxe,
Y _twu) aso Yoo (2.2.3)
dx dx
., dy du
y =ux+u = —=—X+U
dx dx

[TincTaBnsieMo ojaep»)aHUW BUpA3 IS MOXIAHOI Y BUXIJHE AW(EpEHIaTbHE
piBHsIHHSA (2.2.3):
Wiy f (L) (2.2.4)
dx

[le piBHAHHS 3 BIIOKPEMIIIOBAaHUMU 3MIHHUMHU. ITicas BiTOKpeMIIEeHHS 3MIHHUX
OJIEP’KUMO:

ﬁ:% (f(Lu)—u=0) (22.4)
3Biacu:
du
Im =Injx+C (2.2.5)

y

[Ticns iHTerpyBaHHs Tpeba 3amMicTh U MIJCTaBUTH B OJep>KaHui Bupaz —. Toxi
X

olepkuMo ab0 3arajdbHUN 1HTErpas abo 3araJibHUM PO3B’SI30K  BHXIJHOTO
nuepeHiaTbHOrO PIBHSIHHS.

3ayBaxkeHHs. Po3B’s30k  AudepeHIianbHOrO PIBHAHHS MM IIyKalId Yy
npunyuienHi (2.2.4a): f(Lu)—u=0.

Hexait ymoBa (2.2.4a) He BUKOHY€THCS, TOOTO

f(LU)—u=0 abo f(l,u)zu:%

dy y

Toni nudepeHItiagbHe PIBHIHASI MaTHUME BUTIISI d_ ==
X X
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dy _dx
y

MPOXOJUTH Yepe3 MOYaTOK KOOPIUHAT.
[li po3B‘s3kM MOXYTh BHUIUIMBATH 3 (GOPMYIHU AJIsl 3arajbHOTrO 1HTErpana, a
MOXXYTb OyTH 1 OCOOJTUBUMH.

= In\y\:ln\x\+ln\c\ = y=Cx (x#0) - ciM‘'s miBOpsIMUX, IO

[Tpuknan. ﬂ: ZXy 5
dx x“-y
2
f(tx,ty) = tzxy o= ny >=f(X,y) - onmmopinnma ¢yHKIis HYTHOBOTO
X -y?) x" -y
CTCTICHSI.
f(x,y)=f(, X) = (akTHUHO POOMMO 3amiHy Y = UX (U =X)
X X
2 3
Marumemo ﬂz% :ﬂ: u 5
dx x°—-u“x dx 1-u
dy =
—=uUXx+u
dx
, u du u-u+u?®
= UX+U= > = —X=—2
1-u dx 1-u
2
:>l g du:% = (%—ljdu:%
u X u u X
[licns 1HTErpyBaHHS 3HAXOUMO
—%—In\u\zln\xhln\c\ a60
2u
—~ 12 = In|uxC]|.
2u
. y 1 x°
[ligcraBnstemo U == = ——— = In‘Cy‘ = - = In‘Cy‘
X y 2y
275
X

Bupazutun Yy sk saBHY (QYyHKIIO BiI X 4Yepe3 eleMeHTapHi QyHKIlI y TaHOMY
BUIAJKy HEMOXIINBO. TyT MOXKHa X BHUpa3uTH uepes Y :

x =y,/—2In[Cy|

Jlo mporo po3B's3ky moTpiOHO mpuenHaTy miBmpsmi Y =0, Xx#0. 1li po3B'sizku
0co0uBI. [HIIUX 0cOOIMBUX OYyTH HE MOXKE.

[Tpuknan.
2

r__ y _ I " 2 12 Iy 112

y'=| = y=ux = Yy =uX+U = uX+u=U" = uX=Uu"-u =
X
du du dx du

= —X=U'-Uu=>——=— (U-u=0) =] =In|x|+InC| =
dx us—u X u(u -
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2 1%~ e i = -l =

L\:.n‘cX\ =
u-1

-iL:Cx:>u:
u-1 1-Cx

Taxkum 9UHOM, OCKUTBKH Y =UX, TO 3araJIbHUK PO3B’S30K MA€ BUTIIS]T
X . )
y = ——— (y npunymiesi, mo U —u = 0).
1-Cx

Hexaii terep U2 —u =0, To6t0 U=0 abo u=1.

Toni, Buxoastuu 3 Toro, o y =Ux, y=0 abo y = X.

Po3B’s130k Y = X, SKIIO MOKJIAcTU Yy 3arajibHoMy po3B'sisky C =0. Dynkuiro
y=0 He MOXHa OJepKaTu 3 3arajbHOTO pO3B'A3KY, TOMY 1€ € OCOOJHMBUUI

PO3B’SI30K.

0) Po3ruisinemMo piBHAAHHS, 1110 3BOJUTHLCA 10 OAHOPIAHOIO:
d ax+by+c
dy _ ¢ ax+hy+a ) (2.2.6)
dx a,X+b,y+c,

ne a;,b.,c. R, (i=12), f - HenepepBHa dyHKIs.
1)Sxmo ¢, =, =0, To 1aHe piBHAHHS € OTHOPITHUM.

gzzf(qx+Qy

] - 11€, OYEBUIHO, OJTHOPIAHE PIBHSIHHS.

dx a,X+b,y
2.a) Hexaii xoua 0 oaHe 3 uncen C; abo C, HE TOPIBHIOE HYIIIO, & TAKOK 212 %2 #0
3M1HCHUMO JIIHINHY 3aMiHy 000X 3MIHHMX, BBIBIIM HOB1 3MiHHI X;, Y;:
X=h+e (2.2.7)
y=y+p
[TincraBnasemo B nudepeHIianbae piBHIHHS (2.2.6). O4eBUIHO, 110 % = j—:l(i,
TOJIl MATUMEMO:
dm:f£q&+q%+@a+Qﬁ+q] (228)
dx, ax, +by, +a,a+b,f+c,

Crami o 1 3aBKOu MOXHAa BHOpaTH B LbOMY BHUIAAKY TakK, IO
aa+bp+c =0
a,a+b,p+c,=0

JIOPIBHIOE HYJIIO).
Takum yMHOM, MATUMEMO

dyl — f(alxl + blyl ), (229)
dx, a,x, +b,y,

ne GyHkiist f € 0HOPIIHOIO HYJILOBOTO CTETICHS.

- 111 CUCTeMa Ma€ €IUHUN PO3B’A30K (BU3HAYHUK CHUCTEMH HE
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2.0) Sx11o X BUKOHY€EThCSI YMOBaA

a
I L T . (2.2.10)
a, b, a, b
a, = Aa,; b, = Ab, = nudepenuianpue piBHsHHES (2.2.6) HaOyAE BUTISATY
dy _ f(/lazx+/1b2y+clj (2.2.11)
dx ax+by+c,
3aCcTOCOBY€EMO iJICTAHOBKY
a,x+b,y=z(x) = y—i[z(x)—a x| = ﬂ—i(g—a j
S b, ? dx b,\ldx °

Toni ogepxumo 3 (2.2.11):
1(dz Az(x) +cC dz Az(X)+c
1z ([A0+e) | dz_ (Are)
b, \ dx Z(x)+c, dx z(x)+c,
OcranHe nudepeHLiaibHe PIBHSIHHS JOMyCKAa€e BIIOKPEMJIEHHS 3MIHHUX. Tpeda
3HAWTH WOro 3aralibHUM iHTerpan i migcraButu z(X)=a,X+b,y. Takum dYuHOM,

0JIEPKMUMO 3arajibHUi 1HTerpall AudepeHIliaabHOro piBHIHHSA (2.2.6) y BUNAAKY

a b

a, b,

=0.

B) Po3riissHeMo piBHSHHS
P(x, y)dx+Q(x, y)dy=0 (2.2.12)
PiBustaast (2.2.12) Oynme oaHopimamm, skmo ¢yskmi P(x,y) 1 Q(X,y) - €

OJTHOPITHUMH OJTHOTO 1 TOT'O K CTeTICHS M.
Axio xoeditieHTH piBHAHHS (2.2.12) 3a10BOJIBHIIOTH YMOBHU

P(tx,t“y) =t"P(x,y), Q(tx,t"y) =t"*"Q(x,y),

TO MOTr0 Ha3UBAIOTh y3arajJbHeHO-0JHOPiTHUM.
[TokaxkeMo, 110 y3araibHEHO-OAHOPITHE PIBHAHHS IHTETPYETHCS y KBaApaTypax.

[MToxknanemo t = %, X#0
1 1

P(x,y)=x"P(, Xlk); Q(x,y)=x""*"Q(, X—yk)
Takum ynHOM piBHSHHSA (2.2.12) MaTUMeE BUTIIS

X"P (L~ )dx+ X" Q) dy=0 (2.2.12a)
X X

Ioknanemo Yy =z" = dy =kz""'dz ta noxinumo obunsi yactunu (2.2.12a) na x":

Ve 7K
i Q(l,;)dz= 0

OnepxaHe piBHSHHS € OJTHOPIAHUM, OCKUIBKH BOHO HE 3MIHUTHCS, KO0 X 1 Z
BIJIITOBIJHO 3MIHHATHU Ha tX,tZ.

Zk
P(1,F)dx+ k
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. . . k
TakuM 4MHOM, y3araJibHEHO-OJJHOPIIHE PIBHSIHHSA IM1ICTAHOBKOK Y = Z
3BOJAUTHCS JI0 OJTHOPIAHOTO.

3ayBakenHs. [loginumo oOuasi yactuay (2.2.12a) Ha X"

1
P(l,X—yk)dx+ e Q(l,X—yk)dyz 0

. 1 )
Ockinbku t=—, X# 0, To, mopiBHSBIH 3 (2.2.12), MOXHA TIOKA3aTH, MO SKIIO
X

icHye Take uyucio K, 1o mpu mifcTaHoBIi B piBHsHHS (2.2.12) 3amicth X, Y,dy
Bigmosimao tx,t*y,t“tdy (P(tx,t*y)dx + t“*Q(tx,t"y)dy =0) micranemo Tex came
pIBHSHHSA, TO AudepeHIianbHe piBHAHHA (2.2.12) Ha3UBaeTbCs y3arajbHeHO-
OTHOPiTHUM.

Hpuxnag. 4xydx + (y —x?)dy =0
3amicth X, Y,dy micrasmsemo tx,t*y, t*dy

A xydx + (t4y —t?x?) - t*Tdy =0

At xydx + (2 Ty —t*x%)dy =0

[I{o6 piBHSHHS HE 3MIHUJIOCH, HEOOX1THO
k+1=2k-1=k+1, k=2

OTxe, MaeMO y3arajJbHCHO-OJHOpPiMHE piBHAHHA 1 K=2. 3a mgomomororo
iJCTaHOBKM Y=2° nudepeHiiaabte PiBHIHHS MOKHA 3BECTH [0 OJHOPIAHOIO.

2.3 JliniiHi augepenuiajabHi piBHsaHHA | nopsiaky (Meroa Bapiauii 10BiJIbHOI
craJioi — meroa Jlarpan:ka; meroa bepHyJii; MeToa iIHTEerpajbHOr0 MHOKHUKA —
Metoa Eitsiepa)

Oszunauennst. Pignanns 6uoy
A(x)% B(X)y = C(x), (23.1)

oe A(X), B(X), C(X) — HenepepeHi ¢pynxyii Ha Oesaxomy npoMidcKy
<a,b>, npuuwomy Vxe<ab> A(X)#0, wnazusaemvcs aiHiliHUM
ougpepenyianvHUM pi6HAHHAM NEPULO20 NOPAOKY .

SIkmro oMt 00uaBi yacTuHU piBHAHHSA (2.3.1) Ha A(X) TO OJEPKUMO TaKHii
BUTJISI JIIHIMHOTO qudepeHIiaabHOTo piBHSHHSA | opsaky:

y'+ p(x)y=0q(x) (2.3.2)
[lepenumemo piBHsHHS (2.3.2) y BUTIISAL:

y'==p()y+a(x)=Tf(xy) (2.3.3)
Jlerko JIOBECTH, 110, SIKIIIO p(x), q(x) B oOmacri

D= {(X, y)eR,Ja<x<b,—o<y< +OO} € HeTepepBHUMH (PYHKIISIMH, TO PIBHSIHHS
(2.3.3) mae equnui po3B’sa30k Y = Y(X), 0 3aI0BOJIbHSE TOYATKOBI YMOBHU Y =Y,
npu X=X,, ne X, — Oyzmp-sxe umcino B inTepBami (a,b), a y — nmosimbHE
(BUKOHYIOTBCSI yMOBH Teopemu Korri).
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Taxum unHOM, Yepes
VM, (%, o) €D ={(x,y) € RJla<x<b,—o<y < +o0} (2.3.4)
MPOXOJUTH OJHA 1 TIJIBKU OJIHA IHTEeTpasibHa KpUBa piBHIHHS (2.3.3).
3okpema, skmo P(X), q(X)HemepepsHi B iHTepBami (—00;+00), TO Yepe3 KOKHY
Touky TwiomuHu XOY MPOXOAWTH OAHA 1 TUIBKM OJHA iHTErpajbHAa KPHUBA JaHOTO

piBHsAHHA. 3a mux yMoB nudepeHmianbHe piBHsSHHS (2.3.3.), a omxke, 1 (2.3.2)), 1
(2.3.1.) ocobauBHX po3B’si3KiB HeMae!
PosrnsiHemo Bumanok, koiu B piBHsHHI (2.3.2.) ((X)=0 Ha po3rismyBaHOMY

HPOMIXKKY < a,b >.
Toml MmaTuMeMoO

%+ p(x)y=0 (2.3.5)
X

PiBusinast (2.3.5.) Ha3uBaeThbcsl JiHIHHUM OZHOPiAHMM AudepeHIiaTbHUM
PiBHSIHHSM.
OueBugHo, MO0 Y =0 € pO3B’S3KOM JIaHOTO PIBHSHHA. AJIe OCKUIbKH JaHe

PIBHSIHHS HE Ma€ 0COOJIMBHX PO3B’s3KiB, TO Y =0 € OHUM 3 YACTUHHUX PO3B’SI3KIB .

[le o3Hauae, MO AKOIO SKUAW-HEOYIb PO3B’SI30K JIHIKHOTO OJHOPITHOTO
PIBHSIHHS TIEPETBOPIOETHCS B HYJIb X0ua O B OjHIN Toumi iHTepBany (a,b), To BiH
TOTOKHO JIOPIBHIOE HYJIIO Ha BCbOMY IHTE€pPBaJIl. SKIO K BIH BIJIMIHHHWI B HYJIS
xoua O B onHiH Toulli iHTepBany (a,b), To BiH HE MEPETBOPIOETHCS B HYJIb B )KOIHIN
TOYII I[LOTO IHTEPBAIY.

Jliniine  opHopimHe — audepeHIianbHe  piBHsAHHA  (2.3.5.)  momyckae
B1JIOKpPEMJICHHS 3MIHHHX.

Axmo y#0, 103 (2.3.5.) MOXKHA OJIep>KATH:

%%:—p@ﬁﬂ::lmwz—HXde+Cl:>

:> y — ie_jp(x)dx+cl :> y — iecle_.[p(x)dx :> I[

y =Ce /PHI™ (2.3.6)
e C — noBinbre crane (C =+e%)

Moskna mokazaTtu, 1o (2.3.6.) € 3aragbHUM PO3B’SI3KOM  JAU(PEPEHIIATBHOTO
piBHsHHS (2.3.5.).

HiticHo,

1) cmiBBigHOmEeHHs (2.3.6.) nmomyckae  po3B’si3aHHs BigHocHO C  (IuB.
O3HAYCHHS 3araJbHOTO PO3B'SI3KY) :

C = ye/P()d (2.3.7)

e/ POIX pysHadyeHo B 06macTi D.

e Bupas Y
2) Vxe(a;b) dopmyna (2.3.7.) mae take 3HaueHHs C, mpu SKOMY (QYHKIIis

(2.3.6.) € po3B’s13k0M piBHSHHA (2.3.5.).
SIKIO MEepBICHOIO IS J' p(X)dx BuOpatu iHTErpan: i3 3MIHHOK BEPXHBOIO

MeXero — QYHKITi0 T p(x)dx, To hopmyna (2.3.6.) Habepe BUIIISLY
X0
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X
= [p(x)dx
X
y=Ce
Xo
- [P(x)dx

Tomi y(x,)=Ce ™ =Ce’=C = y(x,)=C=Yy,.
Tomy po3B’si30k piBHSHHS (2.3.5), SAKHH 3aJ0BOJBHSE II0YaTKOBY YMOBY
Y(X,) = Y, MOXHa 3amicaTH TakK:
—jx'P(x)dx
Y=Y ° (2.3.8)

3BiJICH TaKOX BHUIUIUBAE, 110, KO Y, =0, 10 Yy=0 VXe(a;b);
Sxkmo Yy, #0, To po3B’s130k Y = Y(X) HE NEPETBOPIOETHCS B HYJIb Y )KOJIHIHN TOUII
iHTepBay (a;b).

3amiTHMO, MO SKIIO a=-o, b=+ TO o00JacTh OyJe MaTh BUIJIAI
—0< X< +00, —00< Y <400 1 popmyna (2.3.8) mae po3B’s3ok 3anaui Ko 3 0yap —
SKAUMHU Harepen 3aJaHiMHU MOYaTKOBUMH JaHUMHU X, Y, MPUUIOMY KOKEH PO3B’SI30K
Oy/ie BU3HAYCHO TIPH BCiX 3HAYCHHSX X.

[pukian. PosrasiHeMo piBHAHHS Y + ——

X y=0
V1-x2
p(x) = ﬁ - (yHKIIiA, 110 BU3HAYCHA 1 HenepepBHa B iHTepBaii (—11)

dy__x ﬂ:_ﬂ Infy|=> 1.did=x) )
dx  J1-x* y  J1-% «/
= InM =V1-x*+C, = y= Cem - 3aTaJIbHUM PO3B 30K PIBHSHHS B 00J1aCTI
—-1<x<1, —o<y<+mo
[pukmag. Y +2xy =0
P(X) = 2X - He Mae TOYOK PO3pHBY. Byb-sKUil pO3B’ 30K BU3HAYCHO TP BCIX X

y=Ce ¥ = y=ce™

[pukian. 3HaiTi po3B’s30K piBHAHHS Y — Y COSX = 0, 110 33710BOJIbHSIE
novyarkoBuM ymoBam Y(0) =1.
Kopucryrouncs hopmynor (2.3.8) oaepxxyeMo

X
Jcosxdx

y:CeXO C:yO:

X
[ cos xdx

y=¢9 abo y=e

sin x

BaacTuBocTi po3B’A3KiB 0JHOPIIHOIO JiIHIHHOTO PIBHSIHHA
1.5kmo Y, - yaCTUHHHM PO3B’SI30K PiBHAHHA (2.3.5) TOOTO Ma€ Miclie TOTOXKHICTb

y,+p(x)y, =0 (a<x<b),
TO QPYHKIis
y =Cy,,
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ne C - moBiIbHA CTala, TEX € PO3B’I3KOM LIbOT'O PIBHSHHS.
Ticro, [Cy,] + pOOCY, =C| v, + p()y, |20 (@<x<b)

Orxe, Yy =Cy,; - € po3B’si3koM piBHSAHHS (2.3.5).

2 5IK1mo Y, - HEHYJbOBUI YaCTUHHUM po3B’ 130K (2.3.5), To popmyna y =Cy,, ne C-
JOBIIbHA CTaJIa, A€ 3arallbHAN PO3B’ 30K piBHSIHHSA (2.3.5)
JliiicHo,
1. Ile piBHsIHHS € po3B’si3HUM BijiHOCHO C: C = l;
Y1
2. Oyukuis Yy =Cy, € po3B’A3K0OM piBHAHHSA IpH BCix 3HadeHHsX C.
TakuM uuHOM, A7 MOOYIOBH 3arajibHOTO PO3B'SI3KY OAHOPIAHOTO JIHIHHOTO
PIBHSIHHS JOCUTH 3HANTH SIKUH - HEOYIb OJTUH HEHYBOBHI PO3B’SI30K.
3 BJIACTHBOCTEW BHUIUIMBAE, MO Oyab — SKUX JBa HEHYJIbOBUX YaCTUHHUX PO3B'A3Ka
Y,,Y, piBHSIHHS (2.3.5) 3B’s3aH1 CIIBBIIHOIICHHSAM:
Y, =ay, (a<x<b),

1e « - Iesika cTajia, BiAMIHHA Bij] HYJIS.

CrpyKkTypa 3arajibHOro po3B'si3Ky HEOAHOPIIHOIO JIiHIHHOI0 PiBHAHHSA

y'+ p(x)y =a(x) (2.3.2)
[Tpunyctumo, BIAOMUN AeSIKUN pO3B’A30K Y; LIbOTO PIBHIHHS, TO/I
y; + Py, =0a(x) (a<x<b) (2.3.9)
BBeaemo HOBY dyHKIIIIO Z 3a GOpMYIIO0
y=y+12 (2.3.10)

[TincraBsroun (2.3.10) B (2.3.2), maTumMeMO
yi+2'+ p(X)y; + p(x)z = q(x)
Toni 3riiHO 3 TOTOXKHICTIO (2.3.9)
'+ p(x)z=0 (2.3.11)
OTxe, nns BU3HAYEHHS Z OAEPKUMO JIHIAHE OJHOpIAHE Au(EepeHIianibHe
piBHsIHHA | mopsiaKy. 3arajibHUI pO3B’ 30K IIbOTO PIBHSHHS MA€ BUTJISIL:
~J P(x)dx
z=Ce : (2.3.12)
ne C - noBinbHa cTana.
[Tincrasnstoun (2.3.12) y (2.3.10) ogepxumo
-1 PO dx
y=y, +Ce (2.3.13)
Opepxana ¢Qopmyna nae 3araJibHUM po3B‘A30K piBHAHHS (2.3.2) y cMy3i
D={(x,y)e Rz\a<x<b, — o0 < y<+oo}.
TakuM 4MHOM, IPUXOJIUMO A0 TEOPEMH:
Teopema. Hxwo y1 — wacmurHuil po36’sa30K HEOOHOPIOHO20 JNIHINIHO20 PIBHAHHSA
Y+ p(X)y=0(X), mo 3acanvhuili po36’si30k yb020 pPIEHAHHA OAEMbCS
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- p(x)0x
Qopmynoro Y=Y, +2, oe z7=Ce - 3aeanbHUli  po38 'SI30K

8ION0BIOH020 OOHOPIOH020 NiHilIH020 pieHsanus Z'+ P(X)z =0.

TakuMm 4MHOM, SIKIIIO 3HAEMO X04a O OJTMH YaCTUHHHUI pO3B’ 30K HEOJAHOPITHOTO
AUQEepeHIiaJbHOr0 PIBHAHHSA, TO 3arajJbHUil pPO3B’A30K MOXHA OJEp>KaTu 3a
JIOTIOMOTOI0 OJTHI€T KBaIpaTypH.

SIKmo BioMHiA HE O/AMH, a JBa YAaCTUHHHUX PO3B'S3KH Y;1 Y, HEOIHOPIAHOTO
JiHIHOTO MU(EpeHIIaTbHOTO PIBHAHHA, TO 3arajbHHUI pO3B’S30K MOXKHA OJIepKaTh
0e3 kBajapaTyp, a came

y=Y1+C(y, = ¥1) (2.3.14)
Hiticuo, 3 popmynu (2.3.10) maemo z=Yy —Y;.
3amiHseMo YHay, 1 OJEPXKyeEMO — YacCTUHHHM pPO3B’SI30K BIAMOBIAHOTO
OJTHOPIJTHOT'O PIBHSHHS
Tomi 3aranpbHUN  PO3B’SI30K  OJHOPIAHOTO  JIHIKHOTO  AUdEpeHIliaTbHOTO
piBasHHs: Z=C(Yy, —Y,), a 3araabHHi pPO3B’SI30K HEOTHOPITHOTO JIIHIHHOTO

nu(epeHiaIbHOr0 PIBHSAHHS 3TIJHO 3 OCTAHHBOIO TEOPEMOIO OyJe MaTH BUIJIS
(2.3.14).

Mertoa Bapiauii 10BiibHOI cTa10i (MeToa Jlarpam:ka®)
bynemo mrykatu po3B’s30K piBHAHHS (2.3.2) y BUINISAI 3arajbHOrO pPO3B'S3KY
BIIMIOBITHOTO OJHOPIHOTO JIHIKHOTO PIBHSHHS, aje C OyneMo BBaxKaTd HE
CTaJIo0 , a JICIKOI0 HeMepepBHO-AU(DEPEHIIIHOBHOIO (PYHKIIIEIO BiJT X, TOOTO ) OyeMo
ITyKaTH Y BUTJISAII

- p(x)dx

y=C(x)e (2.3.15)
[TincraBnsemo (2.3.15) y (2.3.2):
c'(x)e PO —cx) p(xe TP + px)C(x)e TP = q(x),
C'(x) = C(x) p(x) + P(X)C(X) = q(x)e’***
Omxe, C'(x) = q(x)e/ ™.

3Bigku C(X)=[q(x)e’?™*dx +C (2.3.16)
[TincTaBnstoun 11e 3HaUeHHA B (2.2.15), onepkumo

y =e PO g(x)e’P*dx + C] (2.3.17)

y = Ce 1?0 4 g TP0I% g (x)e! "™ dx (2.3.18)
Ce_I Px)ax 3arajibHUil  pO3B’SI30K  BIJAIMOBIJIHOTO OJHOPIAHOTO JIIHIHHOTO

nuepeH1aTIbHOrO PIBHSHHSA;
~fp(x)dx IPOOS Yy . ) : s
e faq(x)e X YaCTUHHUN PpO3B’SA30K HEOTHOPITHOTO JIHIHHOTO
nudepeHIliaTbHOTO PIBHSHHS.
Takum  9ymHOM,  3arajbHUN  PO3B’SA30K  HEOJHOPIMHOTO  JIHIHHOTO
nudepeHIliaTbHOTO PIBHSHHS € JIIHIMHOI (QYHKITIE0 B TOBLIBHOT cTasiol C

y=a(x)-C+b(x)

% Woszed Jlyi Jlarpansx (1736-1813) — ppanirysbkuil MaTeMaTHK
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3araJibHUN PO3B’SI30K HEOJHOPITHOTO JIIHIMHOTO AU(EepeHIiaTIbHOTO PIBHSHHS

X X
- [p(x)dx [ p(x)dx

y ¢opmi Komri BurmmBae 3 (2.3.17) : y=e fq(x)eXO dx+y,
X0

Tyr C=y(X) = Yo

3ayBakeHHs. 3a ymMoBHM  HemepepBHocTi QyHKmii  p(x) Ta ((X) po3s’s30k

HEOJIHOPITHOTO JIHIMHOTO IudepeHIliaIbHOTO PIBHSAHHSA Oyae TakKoX
HerepepBHOIO (1 HaBITh HEMEPEPBHO-ANUDEPEHITIHOBHOIO (DYHKITIETO).

Meton inTerpyrouoro muoxuuka (meroxa Eiiepa)
Hano: y'+ p(X)y=q(x) (2.3.2). IloMHOXHUMO OOMIBI LHOTO PIBHSIHHS Ha
(YHKITIO
() =l P
Onepxumo,
y/elp(X)dx + p(x)yeID(X)dx — q(x)ejp(X)dx

y,eIP(X)dX + p(x)yejp(x)dx :[yefp(x)dx]'

14
OT1xxe, MaTUMEMO [yejp(x)dx] —q (X)e”’(x)dx

3B1IKH
yejp(x)dx — jq(x)ejp(x)dx _|_ C

y= g PO [Iq(x)efp(X)dx + C]

3ayBaxkeHHs. Skmo B JniHiHOMY piBHsaHHI (2.3.2) q(X) =kp(X) (k =const), To

Yy + p(X)y = kp(X) - piBHSAHHS 3 BiIOKPEMJICHUMHU 3MIHHUMH 1 TO/II
y'=—p()ly K]

% ——p()dx = Inly —k| =] p()dx+ C, =

= |y —k|=elPma =y _k 4 Celet®

(mym C=+¢)

2
[Mpuknam. y' ——y =X
X
Metoaom Bapiailii JOBUIBHOT CTaI01

2 ) ) ) )
z'——12z=0 - BigHOBigHE OXHOPIAHE PiBHIHHS
X

dz 2z dz 2dx
—="" = —=="" = Inz}=2In[x +InC,,

dx X z X

Injz|=InC,x* = z=CX’ - 3aranbHuii po3B’I30K OAHOPIAHOTO PiBHSHHS
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3aranbHui PO3B’ 30K HEOJHOPITHOTO IIYKAEMO Y BUTIISI

y =C(x)x?; C'(x)x* +C(x)2x—§-C(x)x2 =X =
= C'(X)x*+C(X)2x—-2-C(x)x=x = C'(X)x* =x =
C'(X = = COO=In+C

y= (In\x\ + C)X2 =y =Cx* + x? In\x\ - 3araJbHUI PO3B’A30K BHXITHOTO

PIBHSIHHS
(CaMocCTiiiHO 3HANTH PO3B’SI30K METOJOM IHTETPYIOYOr0 MHOKHUKA).
2 dx
. . —J.;dx —ZJ‘? —In X2 1
[TomHOXMMO piBHSHHS (00HMIBI YacTHHM) Ha L(X) =€ =€ =€ =—

!

12 1 1 , 12 1 1 1
Marumemo y'— ——y—=-= Yy —-—y=— = y-—| ===
X X X X X X X X

— y.%zln\xhc = y:xz(ln\x\+C)

Meton Bepnywii®
(Po3B’s3yBaHHs MiHIMHUX OUdepeHLIanbHuX piBHAHB | mopsaaky).

Hano: y' + p(x)y =q(x) (2.3.2)
[lykaemo po3p’sizok y Burmim Yy =U(X)V(X), ne u(Xx),v(X)- HeBimomi,
HernepepBHI QYHKIIT pa3oM 13 CBOIMU MOXIJHUMHU MEPIIOTO MOPSAKY (Ha 1HTEpBal

(a;b))
Tomi y' =u'(X)v(X) + u(x)v'(X) - miacraBisiemo B piBHIHHS (2.3.2)
u'()V(X) +u(x)v'(x) + pOJu)V(x) = q(x)
U’ ()V(X) + u(x)[v'(x) + px)v(x)]= a(x) (2.3.19)

Bubupaemo v(X) tak, o6 V'(x) + p(x)v(x) =0

@:_p(x)v(x) = d—v=—p(X)dX = In|=~] p(x)dx
dx v

~[ p(x)dx

v=e - mijacTaBiseMo B (2.3.19)

ue PO _ g(x) = u' =q(x)el PO =

u= jq(x)eI pOJAX | ¢

TOI[i y=uv= e—Jp(x)dx [jq(x)ejp(x)dx n C]

8 k06 Beprysni (1654-1705), Moraun Beprysii (1667-1748) — mBeiinapchki MaTeMaTHKH
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2.4 IndepenuianbHi piBHsiHHA | mopsaaky, siKi 3BOAATHCA 10 JiHIHHUX
— PiBusanusa bepuyJsuii

Osnavenns. Piguanns euoy

y'+ p(x)y=a(x)y", (2.4.1)

0e N — 6y0b-sKe OllicCHe YUCI0 HA3UBAEMbCA PIBHAHHAM Bepuyni.

bynemo BBaxkatu, mo N=0 i N1, 60 inakme piBHsHAS (2.4.1) € miHiAHAM. OYHKITIT
p(x) i q(X) BBaxkaeMo HeNEpPEePBHUMHU.

3 (2.4.1) maTumemMo

y Y+ p()y " =q(x) (24.2)
[Toxmanemo
7=y (2.4.3)
3BiacH dz =(1-n)y™" dy = dy 1 y" dz . mifcTaBisieMo B (2.4.2)
dx dx dx 1-n" dx
y My bz =000 = T pz=q) =
dz

™ +(1L-n)p(X)z=q(x)(L—n) - € TMHIKHAM PIBHAHHIM.
X

[aTerpytoun 1 moBepTarOYMCh A0 3MIHHOI Y, OJCPKUMO 3arajibHUN PO3B‘SI30K
piBHsIHHS bepHysuti y BUrsiai

y= {ej(nl)p(x)dx [C+[@- n)q(x)ej(ln)p(x)dxdx]}ln (2.4.3a)

PiBHsiHHs Bepnyini Bnepiue po3risiHyB ko061 bepnyii (y 1695p.), a uepes nBa
pokn (1697p.) pos3B’s30k ioro mpencraBuB Morann bepuymwi. (Takoxk UuM
piBHAHHAM 3aiimaBca I, JIei6Hin').

Jlnst po3B’si3yBaHHsS PIBHAHb BEpHYIII TaKOXX 4YacTO KOPUCTYIOTHCS METOJIOM
bepnymn z=uv.

Amnaini3 piBHsHHA bepnymi (2.4.1.) Ta #ioro 3arajibHOro po3B‘sizky (2.4.3a) nae
MO>KJIUBICTh 3pOOUTH BUCHOBOK, IO

npu N >0 Yy =0 - € po3B’sA3KOM PIBHSHHS.

Axmo O<n<l — y=0 € ocobauBum
Y a PO3B’SA3KOM.
SAxmo n >1 - y=0 € yacTUHHUM PO3B’SI3KOM
PIBHSIHHSL.
B
M(Xo; Yo)
[lpuknan. 3HailTh KpuBi, B SKUX BiApi3ok OB, 1o
x BIJITMHAE JOTHMYHAa Ha oci Oy JOPIBHIOE KBaapary
o) n ® opauHat PM TOYKU NOTHUKY.
PiBusiHHS noTHYHOT: Y — Yo = Y (X —Xp).

"Tordpin Binsrensm Jleitonin (1646-1716) — niMenpkuit Matemaruk, ¢Gisuk i gpinocod
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Hns 1. B(O;y) ¥ =Yo—Y%o
Jlist Oyab-siKOi TOYKH AOTHKY (x,y) mMatumemo OB =y —y'X y2 =0B(3a
yMoBoO10). OTXe,
ye=y-yx = yx-y=-y* =
y' 1 y= 1 y? - piBmstHus Bepryiui (ﬂ 1 y=—=y?)
X X X X

,d 1 S 1
yde__y _ 4
X X X
7=yl = dz _ —2dy [ _yzg}
dx
dz 1 1
—— = = —L=— =- plBHSIHHH HAOITyCKae BlI[OKpGMJIeHHSI
dx X X dx x X
smiHHUX ((X) = kp(X)
dz dx d(z 1)
—:—1— — —_I nC,, (C,>0
~ dx x( 2 = 1-z x:>z—1I o G20 =
= Inz-1+In)x|=InC, = x(z-1)=C, (C=%C)) =
C 1 C+x X . ,
I=—+1 = —= = y= — 3arajJbHUN PO3B’S30K.
X y X X +

y =0 (Xx#0) - € vactuaHUM po3B’s13k0M (Tipu C = 0)
1-z2=0 = z=1 = 1:1 = Yy =1 - evyactuHHEM po3B’si3koM (ipu C =0) .

- Pignanna t'(y)y + f(y)p(x) =q(x) (2.4.4)

3BOAMTHCA JIO JiHIiiHOTO 3a momomororo 3aminu z=f(y) (z'=1f'(y)-y’), o
maTuMeMo Z' + P(X)z =q(X) - miniiine.

3) Pignanns y' = AlY) (2.4.5)
B(y)x+C(y)
€ JIHIAHUM BiTHOCHO (QyHKIIIT X =X(y)
HiticHo, dy = AlY) =  (MOXXHa MpUTaNATU 3B’ SI3KU MK OOEpHEHUMU

dx B(y)x+C(y)
byukmismMu Yy’ = 1,)
X

dx_B(y)x C(y) _, dx_B(y)x_C(y)
dy A(Y) Aly) dy AY) A(Y)

Matumemo, X'(y) + p(y)X=q(y) - miuiiine gudepeHiiaabHe PIBHAHHS, 1€

B(y) C(y)
p(y)=——71, a(y)=—==
A(Y) A(y)
[Mpuknan. ﬂx3siny+2y=xdy y(x x3siny) = Zy:ﬂzi =
dx dx dx x_x33iny
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dx dx
= —-2y=X- xsmy:>2yd——x_—x siny =
y
.
%_i:—x Sy piBusHEs bepHysn  BigHOCHO dyHKmT X = X(Y)
dy 2y 2y
sin
(P(Y) ==, q(y)=—"Y
2y 2y
ldx_11__siny. —_1 dz__,1dx_ dx__xdz
X dy 2y X2 2y X’ dy ~x*dy dy 2dy
Marumemo:

x*dy 2y X 2y L dy 2y x° 2y
dz z y ,
d_y + y = T, y # 0 - miHiiHe PIBHAHHA Po3s A3yEMO 3a MCTOIOM BepHy.]IJIl
' ' ' ' ' uv Siny
z=uwv, Z’=Uuv+VUu => UvV+Vu+—=—"—"=-=
y y
u’v+u(v+vj siny v+ =0
y y y
dv__ v dvdy g Injvy|=InC,| =
dy vy vy
v=9,v=l (C=+C)
y y
uy =Y = g_siny = u'=siny
y y y
u=-cosy+C
__cosy C NN S
y y /4 C —cosy

(x=0 — yacTuHHHUIT po3B’5130K mpu C—0) = y=x*(C—cosy).
3aznaunmo, 110 Y =0 Takoxk € po3B’sSI3KOM BUXITHOTO PIBHSIHHS — OCOOJIMBHM.

—  Pignanna Minoinza® — /lapoy®
Tak Ha3UBAECTHCA PIBHAHHS BULY

M (X, y)dx+ N(x, y)dy+ P(x, y)(xdy — ydx) =0, (2.4.6)
ae M i N - ogHOpimHi QyHKIIT cTeneHs M, a P - ogHopiaHa GyHKIsS creneHs | .
Skmo |=m-1, to piBHsHHS (2.4.6) € OAHOPITHUM PIBHAHHSAM (B I[bOMY MOXHA

MEPECBIIUNTUCH, PO3KPUBIIIH AYKKH Ta 3BiBIIY MOAI0HI 1onaHku 3a dX i dy).
B iHmmx Bumnaakax piBHSHHS 3BOJUTHCS 10 piBHSHHA bepHyi.

s Minginr ®epaunana ['otnicosud (1806-1885) — pociiichbkuii MaTeMaThK

¢ lapOy XKaxk 'acton (1842-1917) — dpaniy3pkuii MaTeMaTHK
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MYy == Mxy)

M (tx, ty)dx =t"M (X, y) A

N (tx, ty)dx=t"N(X,y) :>t:l = N(l,l):imN(x,y)
X X" X

P(tx,ty)dx =t'P(x, )

P@§=iwxw

XI
[TincraBasiemo B (2.4.6)
x™M @4 Dydx + x"N (1, L)dy + x' P, L)(xdy — ydx) =0 (2.4.7)
X X X
[Toknagemo, Y =ux = dy = xdu +udx, xdy— ydx=d (X)x2 xdy — ydx = x*du
X
IincraBnsemo B (2.4.7) i mimamo Ha X" (X # 0)

M (L, u)dx + N (L u)[xdu + udx]+ x'"™P (1, u)x?du =0
M (L, u)dx + N (L, u)[xdu + udx]+ x'"™2P(L, u)du =0

30epemo Bee mpu dX 1 Bce mpu du:
[M (@,u) +uN @ u)]dx + [XN (L u) + x"™?P(,u)|du =0
JliaumMo oOMIBI YaCTHHHM IIBOTO PIBHSIHHS Ha [M (4, u) + uN (g, u)] i du:

dx N(Lu) ‘= P(Lu) (J+2-m

du M@Lu)+uN@Lu) " M(Lu)+uN(Lu)

(2.4.72)

piBasHHES bepHyuti 3 HeBimomoro ¢yHKIieo x(U)
3ayBaxkeHHs. 3 (2.4.7a) BuiumBae, mo sgkmo |l=m—2, to piBusHHa (2.4.6) —
Minpainra-/lapOy 3BOAWTBHCA 0 JIIHIMHOTO PIBHSHHSL.

Hpuknan.  xdx+ ydy + x(xdy — ydx) =0
m=1 | =1 - piBasgaasa Minginra-/{apOy.
y =Uux, xdy — ydx = x2du, dy = xdu + udx
Toxi xdx + ux(xdu + udx) + x*du=0
xdx + ux?du + u?xdx + x*du=0

X@+u?)dx+x*(u+x)du=0

(L+u?)dx+ x(u+x)du=0

Hinumo Ha du, 1+ u?

dx u X2 u 1 .,

— X=- abo x'(u) + X=— X
du 1+4y? 1+u? W 1+u? 1+u?

Onepxxanu piBHsHHS bepHyti BitHOCHO X = X(U)
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Po3B‘s13yr0un 1 moBepTarOUUCh 0 3MIHHOI y, 3HAHEMO:

=—2+C(+u?)

2
= 2+CA+Y)  x=-2x+C(X* +Y?).
X
- Pienannsa Pikkami*°

Tax Ha3WBA€THCS PIBHSHHS BHILY:
' 2
y' +p()y” +9()y =r(x) (2.4.8)
ne p(x),q(x), r(x) - vemepeppHi ¢yHkKIii Ha mpomikky (a;b), mpuaomy p(x) =0,
r(x) #0, (OCKIIbKM B MPOTHIICIKHOMY BHUIQJKY PiBHSHHS 3BOJUTHCS JI0 JHIHHOTO,
a6o0 110 piBHsIHHS bepHyi).

VY 3aragpbHOMY BHIAJIKy y KBaJpaTypax HE IHTETPYeTbCsS. AJie SKIIO BIIOMHIA
YACTUHHUN PO3B’A30K LILOTO PIBHSHHS Y1, TO JaHE PIBHSAHHA MO>XHa 3BECTH JIO

piBHSHHS bepHyii.
JIificHO BUKOHYIOUM 3aMiHY Y = Z + Yq, JICTaEMO

7'+ y1' + p(x)[z2 + 22y, + y12]+ q)[z + y,]=r(x)

2+ Y, + )Y, + a0y, + P22y, +2°) +a(x)z = (x)

Y, + (Y, +04(x)y, = r(x), Toxi

z'+ p(x)(z2 +22y1)+q(x)z=0

2'+ p(X)2* +2[2p(x)y, +q(x)]=0

z'+ [2 p(x)y; + q(x)]z =— p(X)Z2 - piBHsHHA bepHysun BimHOCHO GyHKIT Z(X).
Teopema: fAxkuio sidomuit o0un wacmuHHuUil po3e’a30K pieHAHHA Pikkami, mo

OCHMAHHE 3A6HCOU MOIHCHA 36ecmu 00 pienanna bepuynni.

, 2 2
Mpuknan. y' +y2 =-=  (q(x) =0, p(x) =1, r(x):X—Z)

X2
, : . 1 : 1
O4eBUIHUM PO3B’SA3KOM IIOTO PIBHSAHHS € pyHKLIsT Y =——. 3amiHa: Y=27Z——
X X
[TincraBnsiemo:
1 z 1 2 2 : :
7'+ 5+ 72 _2% 4 —=— = '+ (——)z= —7? - piBHsHHS bepHyiu.
X X x° X X

3actocyemo meton bepuyi
Z=uv, z2'=u'v+Vv'u

2
UV +vu—2Suv = —udv?
X
2 2 du 2u du dx 1
Vu+vu' -=u)=—uV’ = u'-=u=0 (-(—==—, — == ZlInu/=In[x
X X dx X 2u X 2
U= x>
vx? = —x4y?

10 pikkari SIkono ®panuecko (1676-1754) — itanilicbkuii MaTemMaTHK
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3 3
v _ 22 (x#0) = v gy 1 ¥ C 1 x+C
dx v2 v 3 3 v 3
3
=>V=—
x°+C
. 2 1 3% 1 w2 1
Tomi z=uv = 3 , ay=1-—=— -5 Y= _=
x> +C X x°+C X X°+C X
B 2x3 -C
x(x> +C)

[IpocTi BUMaaKy IHTETPOBAHOCTI PiBHAHHA PikkaTi y KBagparypax:
1) y'=@(x)(ay’ + by + C) - piBHAHHS 3 BiTOKPEMIICHUMH 3MiHHUMU;
2

2) y’=ay—2+bX+C - ojiHopinHe piBHsAHHA a,b,C - cram, a® +c¢* #0
X X
2
3) y’:ay—+ll+c abo xy'=ay2+ly+cx,
X 2 X 2

Tpeda MoKJIacTh Yy = z-/x (1 omepKUMO PIBHSAHHS 3 BIIOKPEMIIEHUMH 3MIHHUMH )

4) y’=Ay2+%y+%, ne A B,C - craui.
X

Z . o . . .

Tpeba moknacTu Y = — 1 OpUifieMo 10 PIBHAHHS 3 BITOKPEMIICHUMH 3MIHHUMH.
X

CtpykTypa 3arajibHOr0 pO3B's3Ky piBHSIHHS PikkaTi:

y=y1+

! - TpoOoBo-JiHIMHA (yHKI Big cTanoi C
AX)C+B(x) P y '

Teopema. fAxwo ona pisnanua Pikkami eidomi 06a wacmuHHUX po38'si3Ku, mo
DIBHAHHA PO38°A3YEMbCA 3d OONOMO20H OOHI€I Keaopamypu, AKWO mpu — mo
Dp038’sa3yemuvces be3 Keaopamyp

2.5 PiBHsiHH# y noBHMX Ju(epeniianax. [HTerpyBajbHUii MHOKHUK

O3HaveHHs. Pignanus nepuioco nopsaoxky 6 cumempuynit popmi
P(x, y)dx+Q(x,y)dy=0, (2.5.1)
oe P,Q - uenepepsni ¢hymxyii, Haszusaromv piGHAHHAM ) NOGHUX
ougepenyianax, skujo icnye ynxyis U=Uu(X,y) maka, wo
du=P(x, y)dx+Q(x,y)dy ((x,y)e D) (2.5.2)
[TpumycTumo, 1o P2+ Q2 #0 V(X,y)eD. Tomi 3 (2.5.1) Ta (2.5.2) BumiuBae,
mo du=0 i 3araapHMM iHTerpasoM piBHsHHS (2.5.1) B o6sacTi D € piBHiCTB

u(x,y)=c (2.5.3)
PiBustaHA (2.5.3) B 06macti Oyap-skoi Touku (Xg, Yo,Cq)
((X0,Yo) €D, ¢y =u(Xg,Yp)) HesBHO 3amae e€quHUN pPO3B’sI30K piBHsSHHS (2.5.1)
Burisiny Y = @(X,Cq) abo X =@(y,Cq), as sikoro ¢(Xg,Co) =Yg abo @(Yg,Cq) = Xg
BiJIIIOBITHO.
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[Ipomec iHTErpyBaHHS PIBHSHHA y TOBHUX JudepeHIiiazax MOXHa BBaXKaTH
3aBEepIICHNM, SKIIO BijoMa GyHKIS U =U(X,Y).

Mpukman 1. xdx+ ydy =0
JliBa yacTHHHA IILOT'O PIBHSHHS SIBJISI€ TOBHUM audepeHitian GyHKIii

2 2
G XLy
2 2
Tomy 3aranpHuil IHTETpasl PO3TISIIYBAHOTO PIBHSHHS Ma€ BUTIIS
2 2
X7+y7=cl = x?+y?=c? (c®=2c).
[lpuxnan 2.
(x3 + y)dx+ (x—y)dy=0
x3dx + ydx + xdy — ydy =0
4 2
X y
d(—)+d(yx)-d(*-)=0
)+ A —d(2)
4 2 4 2
X y X y
d(—+xy—="-)=0 = u(X,y)=—+ Xy ——
( IR 2) (x,y) IR
4 2
.- X y
3araJibHUM 1HTETpal: 7 + Xy — o =C

Caig BIAMITUTH, 10 TP pO3B‘A3yBaH1 AUPEpEHIIaTbHOro piBHIHHA (2.5.1)
1) He 3aBXaM BiZJOMO, 1110 (DYHKIIiS B JiBii YaCTHHI € TOBHUM JU(EPEHITIATIOM
2) He 3aBK/IM BIAETHCA TPYIYBAaHHAM OOYAyBaTH QYHKII0 U =U(XY)

Tomy 11t po3B’sI3aHHS TAKOTO PIBHSIHHS HOTPIOHO:

1) 3naTw, mo JiBa vactuHa piBHSAHHA (2.5.1) — MOBHUWI audepeHIian aesKol
yHKuIT;

2) SKOIO0 1€ Tak, TO Tpeba 3HATH 3araJibHUM Miaxig 10 moOymoBH (QyHKIT
u=u(xy), a , oTxke, i TTOOYIOBH 3aTalbHOTO iHTErpanxy AU(bepeHIiaIbHOTO

PIBHSIHHSI.

. : ... 0Q oP : : .
Teopema. Hexaii wacmunui noxioui a—Q,E Henepepsui 6 oonacmi D. Pienanus
X

(2.5.1) € pisHanuam y nosuux oughepenyiarax mooi U Jauwe mooi
(HeobXiOHO | docmamub0), KOU BUKOHYEMbCSL YMOBA

0 oP
a_Q - P (xy)eD) (25.4)
X oy
JloBeneHHS
Heobxionicms. Sxkmo (2.5.1) — piBHSHHS y TOBHUX audepeHiianax, To,
2 2
BHacIi10k (2.5.2), u_ P(X,Y), a—u:Q(X, y) = ou :@, ou :@_
OX oy OXoy oy Oyox OX
: . ..0Q oP .
OCKIiIbKM 9aCTHHHI MOXiIHI o ov HEIEPEePBHi 32 YMOBOIO, TO BUXOSUHU 3

B1JIOMOT TEOPEMU TIPO MiIIaH1 MOX1IHI MATUMEMO
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P(x.y) _Q(xy) . 0Q_0P

oy ox ox oy
Hocmammuicms. (MeTon Biaurykanus GyHKITT U )
Hexai yMOBa (2.5.4) BUKOHYEThHCH. [Toxaxemo, 101(4) BHUpA3

P(X, y)dx+Q(X, y)dy e moBauM nudepeHmiagoMm aeskoi Gyakmii U =u(X,y), ToOTO
byHKII0 U=U(X,Y) MOKHA 3HAWTHU TaK, 1100

ou ou
i P X, ,— = X’ 255
o =PV 5 =Q0Y) (255)
[aTerpyroun (1o x) mepiry 3 piBHocTer (2.5.5), micraHeMo
u(x,y) =JP(x,y)dx + o(y), (2.5.6)

ne ¢(y) - noBinbHa nudepeHmiioBHa QyHKITIS.
Bubepemo tenep ¢ynkiiro ¢@(y) Tak, mo6 ¢yskmis U(X,Y), 10 BH3HAYCHA
dbopmymoro (2.5.6), 3a70BONBHANIA I APYTY YMOBY 3 piBHOCTEH (2.5.5).

%‘2% (IP(x Y)dx+ o(y)) =Q(x. y), %=% (IP(x.Y)dX) + 0'(y) =Q(x, Y)
3BIAKHA

<0’(y)=Q(X,y)—%(IP(X,y)dX) (25.7)
3HanIEMO:
KAy _ 0 _Qkxy) 0|0 _
aX[qo(y)]— ax{Q(x,y) ay[mx,y)dx]} > ax{ay(fp(x,y)dx)}
_Qkxy) 0|0 _Q _oP_
== ay[ax(jP(x,y)dx)} x oy 0,

OCKUJIbKM BUKOHYEThCSI yMOBa (2.5.4).
OTxe, ag[g/)'(y)]:O. Ile o3Hayae, mo mpaBa 4yacTuHa piBHAHHA (2.5.7) He
X

3aJIeKUTh Bif x 1 BUOiIp QyHKIIT @(Yy) - 3aBKAM MOMJIMBUN 3 TOYHICTIO JIO CTAJIOl
BEJINYUHMU.

Takum yuHOM, 32 yMOBHU (2.5.4) 3 piBHOCTEH (2.5.7) 3aBXKAM MOXKHA 3HAUTH
oyukmiro @(y). IliacraBiasroun 3HaiineHe 3HaueHHS @(Y) y dopmyny (2.5.6),

micranemMo U(X,Y), a TOMy 1 3araJibHUil iHTerpaid Au(epeHIiaaIbHOrO PIBHSHHS Y
noBHUX nudepenmianax (2.5.1).
[puknazn. 3naiiTy 3aranbHUMN iHTETpal IU(EepPeHIIaTbEHOTO PIBHSIHHS
(X* —4xy —2y*)dx + (y* — 4xy — 2x*)dy=0
P(x,¥) =X —4xy—2y%; Q(x,y) = y* —4xy - 2x?
@:—4x—4y; @:—4y—4x
oy OX
P _Q
oy oOX

OT1xe, BUX1/IHE PIBHAHHS — PIBHAHHS Y TOBHUX JU(]epeHiianax.
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Busnauumo ¢ynkmio u(x,y). P(X,y) = Z—u =
X

3

u(x, y) =P(x, y)dx+o(y) = [ (x* —4xy — 2y*)dx + o(y) = % —2x7y = 2y°x + ¢(y)

. ou 2
Tomi — =-2X" —4yx+¢'(y).
oy
Ane Q(x) :%u. Omxe, — 2X° —4yx2 +9'(y)= y2 —4xy — 2x2

Taxum unnoM, @'(Y) =Yy’ = @(y) = y? +C,.

3 3 3
Omxe, U(X,Y) =X3 = 2x*y = 2y*x+p(y) = u(x,y) =X§ - 2x2y—2y2><+y§ +C,

3 y3

X o . .
A TOMY 3 2x? y— 2y2X +-——=C - 3arajgbHUil  IHTErpaJl BUXIJAHOIO
U epeHIliaTbHOTO PIBHSHHS.
[HOMI pIBHAHHS, SIKE HE € PIBHSHHSAM y TIOBHUX JU(epeHIianax, MOXHa 3BECTH
710 TaKOTO.

Ilpuknan.
ydX — xdy - He € piBHSHHSAM y IOBHUX TU(eEpeHITianax.
P_Q_,_ P Q
oy OX oy OX
Sxuo oOuABI YaCTUHU BUXIJHOTO PIBHSHHS MOMHOXHUTH Ha (PYHKIIO 4 = iz , TO
y
nicranemMo nudepeHItiagbHe PIBHIHHS
1 dx— Lz dy=0.
y oy
oP 1 AQ

1 . :
T (pIBHSIHHS y OBHUX AU(epeHIfianax).
o oyt xoy
Ozunauennsi. Qywuxyiro p= u(X,y), nicia MmHodceHHs HaA AKY 000X YacmuH

ougepenyianbHozo DIBHANHS OCMAHHE 3600UMbCS 00
ougepenyianbHo2o piGHAHHA Y NOBHUX OughepeHyianax, HaA3Usaomb
iHmezpysanbHUM MHOICHUKOM.

Teopema. /[nsn 6yov-sikoco Oupepenyianvrozo pienanuns (2.5.1) 3 nenepepenumu

KoeghiyicHmamu iCHy€e iHmecpy8aibHUlL MHONCHUK.
Hexai
u(x,y)=c (2.5.8)
3arajibHUM 1HTerpan audepeHianpHoro piBHAHHA (2.5.1), 1 ¢yHkmis u(X,y) mae

HEeTepEepBHI YaCTUHHI MOX1AHI 10 APYTOTr0 MOPSAKY BKIIOYHO.

3HaiiieMo TOBHUH AuQepeHIiiar 000X YaCTUH TOTOKHOCTI (2.5.8)

QUK. Y) g, QUCKY) o (2.5.9)
oX
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3250y Yo Py
S dx Qxy)

Tonai BpaxoByrouu (2.5.9), MaTuMeEMO:
au(x,y) ou(x,y) ou(x,y)

_Pxy) _ oax ox __ oy _
Qxy) Uy  Plxy)  Qlxy) AV =
oy
%%, y) = PO Y, Y), MY) _ q(x, y)u(x, y)
x oy

[ToMHOXUBIIH JTiBY YaCTUHY piBHSHHS (2.5.1) HA (X, Y), OACPKUMO
w(Pdx +Qdy) = a—udx+ a—udy =du(x,y).
OX oy

Hexait y piBastaHI (2.5.1) op - Q

[Mpunyctumo, mo u(X,Y) - IHTerpyBaabHUI MHOXHHK IIOTO PIBHSHHS.
Toni nns piBastaES 1(X, Y)P(X, Y)dX + (X, y)Q(X, y)dy =0 BHKOHYETHCS yMOBa

o o
oy HONPON]= [ QM )] =

on ow _ on R
= PO o+ M0 G = QN T uu T =
P _Q\_ o _pou (2.5.10)
:/J(X1y)[ay GXJ_an Pay

U(X,Y) - € po3B’si3koM piBHsAHHA (2.5.10).

TakuM 4YHHOM, KOXXEH PO3B’s30K piBHsAHHA (2.5.10) Oyne iHTErpyBaJlbHUM
MHOXHUKOM piBHSHHS (2.5.1) . Ane posp’s3atu piBHsSHHS (2.5.10) (piBHSHHSA Y
YaCTUHHMX TMOXITHUX BITHOCHO (X, Y)) JAOCUTH CKIaaHO. PO3risiHEMO BUIAIKHU:

a) Hexal (X, Y)= u(X), roxi y piBusHHi (2.5.10) %u =0. OTxe, MATUMEMO

u(x)[@—@}qd—“ =

oy OX dx
oP R
:>d—#=—axdx, Q(x,y)=0 (2.5.11)
M Q
Axmo ¢yHkuia y npasiit yactui (2.5.11) 3anexuTh TUIBKHU BIJ X, TOOTO
P _RQ
% = p(X), (2.5.12)

o u(X)= e_[(p(X)dX.
Takum unHOM (2.5.12) € HEOOX1AHOO YMOBOIO TOTO, 1100 piBHSIHHSA (2.5.1) Mano
IHTErpyBaJbHUN MHOXKHHK, SIKMH 3aJI€KUTh TITBKU BIJ X.
[Tokaxxemo, 110 ymoBa (2.5.12) € 10CTaTHLOIO YMOBOIO.
HilicHo, B 1bOMy BUMaaKy 3 (2.5.11) maTumemo
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U o000,
X

[TincTaBuBIIM Crou 3HAYCHHS L(X) = ¢/ ﬂx)dx, OJICPKUMO
di o |_ el oo
X

(p(X)eW(X)dX = (D(X)ejq)(x)dx

OpnepkaHa TOTOXKHICTb JTOBOJHTH, IO (DYHKILiS ,u(X):eI pldx ¢ PO3B’A3KOM
audepenuiaabHoro piBHsAHHA (2.5.11) 1 piBHsHHSA (2.5.1) Mae iHTerpyBajbHHIA
MHOKHMK, IKUW 3aJIEKUTh TIJIBKH BiJI X.

IIpuxia.
[TepeBipuTH, uu € qudepeHItiagbHe PIBHIHHS

2
1+5L2 dx:ﬂdy
X X

PIBHSHHSM Yy TMOBHHMX audepeHmianax. Koo Hi, TO 3HAUTH 1HTETpYyBaJIbHHIA
MHOHHUK.

5y? 2
wKw=@+{j;mxw=~l
X X
P_5 ,, 10y 3Q_2y
oy X x> ox X
kR
oy OX

oP 0Q 10y 2y

oy ox _ x> x* _8y [ 2y)_ 4
Q Y X X X
X
Tomy iHTErpyBaJIbHUI MHOKHUK Ma€ BUTJISI:
d - 41 Ini4 1
ﬂ(x):ej¢(x)xze X :e_ nX:e X :_4
X
Axio piBHsAHHA (2.5.1) Mae 1HTErpyBaIbHUN MHOXHUK, KU 3aJI€XKUTh B1J V, TO
oP 0Q
: oy OX : :
aHaJIOTIYHO MOJKHA II0Ka3aTHh, IO YMOBa - =@(y) € HeoOxigHOIO 1

JIOCTaTHBOIO YMOBOIO TOTO, 1110 JIaHE PIBHSAHHS Ma€ 1HTErPYBAIbHUN MHOXKHUK, STKUI

3aJICKHUTD TUIbKHU Bif y i u(Yy) = g/ PNy,

MoskHa ToOBeCTH, 110, SKIIO 1HTETPyBaIbHUN MHOXKHHK € (DYHKITIE€IO0 B ESIKOI

BimoMoi  pyHKIiT @w=ow(X,y) (3aranpHuii Bumangok k= u(w®)), TO yMOBa
P _RQ
oy OX . : .
o(w) = - € HeOoOXI1THOO 1 JOCTATHBHOK YMOBOIO ICHYBaHHS UIsS JaHOTO
Qf® _pdo
OX oy
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Tu(dEepeHIiaTbHOTO PIBHSHHSA 1HTEIPYBAJIBHOTO MHOMHUKA, SIKUM 3aJIeKUTh BiJ
Bizomoi GyHKIT w=w(X,Y), u(w)= gl l@)de
[Mpuknan. 3'scyBaT, 9d Ma€ PiBHIHHS Xy2dX + (X2 y — X)dy =0 iHTerpyBanbHuii
MHOXHUK 1(®), =Xy .
ow ow

Ao =Xy, T0 &:y, 5=X, TOJ1
ok _RQ ok _R
OX OX 2Xy —2xy +1 1 1
¢(w):ay—, abo oy =— 2y y ; 2=——=——=g0(a))
Qy - Px Qy-Px Xy —xy—xy* xy o
3aJI€)KUTh BIJT @) .
_jde nl
a):xy’ @(a)):—l’ﬂ(a)):ejm :e—lnw:elwzizi
@ @ Xy

2.6 Halinpocrimi Tunu audepeHuiaJbHUX PiBHSIHb, HEPO3B’si3aHi BiITHOCHO
noxigHoi. PiBusinug Jlarpanxa i Kitepo

HudepeniiaabHe piBHIHHS
F(x,y,y)=0 (2.6.1)
HC 3aBXKId MO’KHA PO3B’SA3aTH BiJIHOCHO IMOXIAHOI (BHPa3UTH SBHO Y' 3 PiBHSHHS

2.6.1).

I. ,ZIO MAaKux pisHsHb Nepul 3a_8Ce HACHCUMb DIGHSIHHSL 81/16}/

ag (%, Y)(Y)" +ag (%, Y)(¥)" .+ an_a (X, YY) +an (%, Y) =0, (2.6.2)

ne ai(x,y),1=012,..,n - ¢dyHkuii, mo HemepepBHi B jaeskii obmacti D) < R,

(piBHsIHHS 1™ OpsAAKY cTemeHs N).
3a OCHOBHOIO TE€OpEeMOI0 anreOpu piBHAHHA (2.6.2) BU3HAYa€ N 3HAYCHHS IS

!

Y.
Bukungaroun ysBHe 3HaueHHS wmatumemMo M, (M<n), audepeHIiaIbHUX

PIBHSIHb MEPILIOro MOPSAIKY, PO3B’SI3aHUX BIJTHOCHO MOXI1IHOT
y'=f(x,y) k=12,.,m (2.6.3)

Koxne 3 piBHsHb (2.6.3) 3amae B xesdkii obmacti D;c R, cBoe momne

HaIpPsIMKIB.
[Mpuknan. xy'2 —-2yy'—x=0 x=0
y'2 oY y'=1=0
X

2 2
2 = y_ +1 = y'= Y + Y +1 - omHOpiIHE PIBHSIHHS.

Il. ITpunycmumo, wo ¢pynxyis F(X,Y,Y') sarexcume minoku 6io y', mobmo
F(y)=0 (2.6.4)
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Hexaii 11e piBHSIHHSI Ma€ JI€SIKE YMCIIO TIMCHUX KOPEHIB

!

y'=k;, 1=12...,n, ne k; =const, toxi
y'=kjx+C, abo k; :%
TakuMm unHOM, 3aranbHUI 1HTErpal piBHIHHS (2.6.4) Mae BUTIIST
F(y_cjzo
X

[Tpuxma. y’4 - 2y’2 +1=0

(y*-1)"=0
(y'=D(y'-1) =0
y'=1y=-1
y=x+C y=—x+C
y=-x+C = Y=L y=C y,:_y—C
X X X
y=x+C = y,:y;C :
OTtxe, y’:iy_C
X
4 2
3aranpHui 1HTErpaj (ﬁj _Z(Y—Cj +1=0
X X

I1l. Axwo pienannsa (2.6.1) s61o nHe micmums vy mo npuxooumo 00 maxko20 DiGHAHHS

Pienanna F(x,y)=0 (2.6.5)

a) SIKIo JaHe PiBHIHHS MOYKHA PO3B’SI3aTH BITHOCHO Y', TO MATUMEMO
y'=f (), k=123.. = y=[fi(x)dx+C, k=123...

CyKymHICTh OJIep)KaHUX, TAKUM YHHOM PO3B’S3KIB € 3arajbHUM I1HTErpPaJIOM

(2.6.5).

0) Axwmo piBHsAHHA (2.6.5) MOXXHa pO3B’A3aTH BITHOCHO X, TO PO3IVISIHEMO 3
(2.6.5):

x=go(y) (2.6.6)
[To3Haunmo B ocTaHHBOMY piBHsHHI Y’ = p. Toai Mmatumemo
x=g(p), dy=y'dx = dy=pe'(p)dp = y=[pe'(p)dp+C

TakuMm 4WHOM, 3arajbHUM PO3B’S3KOM AudepeHIianpbHoro piBHsIHHA (2.6.5) B
napameTpuuHii Gopmi Mae BUTIISA

X=p(p), (2.6.7)
y=]pg'(p)dp+C -

ko 3 cucremu piBHSIHHS (2.6.7) BIA€THCSA BUKIIOYUTH TTapaMeTp P, TO MAEMO
3araJibHUi po3B’ 30K

y = (x,C) abo 3arameauii interpan d(x,y,C) =0.
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3a3HaunMo, 110 HE 3aBK/I JOILIBHO 3a apaMeTp Opatu Y.
Iroai morineHimre mokmagata P = w(y').

B)[Ipumyctumo, 1o piBHAHHA (2.6.5) 3anucano y napameTpudHii hopmi
x=op(), y=v({), te(@f) = Flot).yt)=0= dy=ydx=w(t)e'(t)dt
Tomy 3aranpHUM PO3B’SI30K PIBHIHHS Y TTapaMeTpudHid (popmi MaTUME BUTIISI:

x=p(), y=[y®¢'t)dt+C.

Mpukman. y'siny'—x=0 x=y'siny’.

[Toxmagemo y'=p = x=psinp,dy=y'dx =

dy=p-d(psinp)=p(sinp+ pcosp)dp =
=Yy :j(psin p+ p2 cos p)dp = (p2 —1)sin p+ pcosp+C

(TyT OYJ10 3aCTOCOBAaHO METOJ IHTETPyBaHHS YaCTHHAMU)

1IV. Hexaii oudepenuianvue pisnanna (2.6.1) seno me micmums X, mobmo
MAEMO

PienannaF(y',y)=0 (2.6.8)
a) SIKIIo e piBHSAHHSA MOYXKHA PO3B’S3aTH BIAHOCHO Y, TO
y'=f.(y) k=12,..., ne f(y) - nilicauii kopiHb piBHSIHHS (2.6.8).

dy dy dy
Sxmo fi (y)#0, 10 === fi (y) = dx= = X= +C, k=12,...
dx fi (y) Ifk(y)

Sxmo f,(y)=0, To po3B’s3kaMu BHXIAHOTO PIBHSHHS OYIyTh TaKOX (YHKIIIT
y=Db,, m=12,..., ne b, - xkopeni piBasaEg f| (Y) =0 (Ui po3B'I3KU MOXKYTH OyTH
K YaCTUHHUMH, TaK 1 OCOOJIUBUMM).

0) Akiio x piBHAHHSA (2.6.8) MOKHA 3aNMCaTH Y BUTJISII
y=9(y)

TO IMIOKJIaAEMO

y'=p = dy=y'dx= pdx }: dy— dy ¢'(p)dp
y=¢(p) = dy=¢'(p)dp p p

Axmo p#0, To 3araybHUA PO3B’SA30K AWQEpPECHIIATBHOTO PiBHAHHS (2.6.8)
MO’KHA 3aMMCaTH y MapaMeTpUdHiil popmi:

hj%p)dma y =o(p)

p =0 - mopoKye TakoX po3B'si3kU Y = @ (0COOJIMBI YU YaCTHUHHI)
[Ipuknazn. 3HalTH 3aradbHUN PO3B’ 30K TUDEPEHITIaTFHOTO PIBHIHHS

y=y?+Iny’
[Mokmagemo Y'=p = y= p2 +Inp
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2p+1

dy = y'dx= pdx = dx= ay d(p” +Inp) _ IOdpz 2+i2 dp.
p p P p

dx = 2+i2 dp = x=2p—£+C
p P

1 . .
Otxe, X=2p——+C, y= p2 +In p - 3aranbHUN PO3B 30K Yy MapaMeTpHUHIN

bopmi
V. Pozensnemo 3azanvruil _eunadok. Y pisuanni  F(X,y,y)=0_(2.6.1)
geadicamumemo X, Y,Y' - koopounamamu Oesxoi mouku npocmopy Rs. Tomi

piBHSAHHSA (2.6.1) BU3HAUa€ ACSAKY MOBEPXHIO Y MPOCTOPI.
3anuiieMo piBHSHHS MOBEPXHI y MapamMeTpuuHii Gopmi:

x=pU,v); y=y(u,v); ¥y =o,v),
1e U,V - mapamerpu. Ipuaomy Flo(u,v), w(u,v), o(u,v)]=0.
[Mpunyckaemo, mo ¢yskmii @(u,v), w(u,v) B obmacti 3MiHH mapamerpiB U,V
nudepenmiiioBHi. Toxl

dx=22du+22av, dy=2Y du+ ¥ av
au U oy au

BpaxoBytouw, 1mo Yy’ = %, micranemo audepeHmiaabHi piBasHHS: dy = y'dX =
X
a—l//du+8—l//dv (U, v)( ¢du+6¢dvj (2.6.9)
ou ov 0 ov
BBakatoun V - HE3aJEKHOIO 3MIHHOIO, @ U IIYKaHOK (PYHKIIEIO 1 MPUITYCKAIOUH,
oy op
mo ——du—w—— # 0, micraeMo pPiBHSIHHS:
ou ou
Op oy
du M (3 piBHsIHHS (2.6.9)) (2.6.10)
dv oy .
ou au

Hexait u=u(v,C) - s3arampHuii po3B’s30k piBHSHHA (2.6.10). Tomi 3arajxbHHI
PO3B’s30K piBHAHHA (2.6.1) y mapaMeTpuyHiil popMi MaTUMe BUTIISIA;

x=p(u(v,C),v); y=y¢(u(v,C),v).
Tyt vV - mapameTtp, C — TOBUJIbHA CTaja.

Jlanuii croci6 MOKHa TaKOXK 3aCTOCOBYBATH, SIKIO piBHSIHHS (2.6.1) mMoxe OyTu
PO3B’sI3aHUM BiTHOCHO X a0o0 Y (TOi 3a mapamMeTpu MOXHa B3sATH Y Ta Y abo XTa
y').

V1. Hexaii pisusnns (2.6.1) po3ss’s3yemuvcs 8i0nocHo Y.

Tom maTuMeMo
y="f(x,y"), mokmagemo p=Yy = y=f(x p),
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dy_of ofdp _ ot afdp _dp PTac 60
dx ox op dx ox  op dx dx  of
ap
Hexait p=¢(X,C) - 3aranpHuil po3B 30K IU(EPEHIIATHHOTO PIiBHSIHHSI
(2.6.11). Tomi 3arampHui PO3B’ 30K MOYATKOBOTO PiBHSHHSA (2.6.1) Mae BUTIISA

y=f(Xe(x,C))

Ananoeiuno posensioacmocs eunadox X = f(y,y"), p=Vy'.

3aranpbHui pOSB,HSOK ITIOYaTKOBOI'O piBHﬂHHH B IbOMY BUIIAAKY MAa€ BUI'JIAA

x=f(y,w(y,C)).

[Mpuxnan. 3HallTH 3araabHU po3B’ 30K TUEPEHIIATFHOTO PIBHAHHS
y'3 —4xyy’ +8y2 =0

Jlane piBHSHHS MOKHA PO3B’SI3aTH BIIHOCHO X
12

2
=Yg yip o x= P B oy (y20)
a4y y 4y p
Baxaroun, mo p = p(Yy), npoaudepeHuitoeMo oOUABI YaCTHHU PiBHSHHS 110 Y
dp 2 dp
2p-".4y—4p® 2p-2y-"
dx pdy y=ap P ydy dy dx 1
av o 2 + 7 gy P T T
dy 16y p dx dy p
1_pdp_p® 2 2ydp
p 2ydy 4y?2 p p2dy
1 _[p_2y|dp_p® 2
p {2y p?)dy 4y® p
1 3_4 Zd 3_82 3_4 Zd 3_42 ,
1_p ZY_p_IO ZY _ P 2Y_P:IO 2y (p° —4y? =0)
P 2yp” dy 4y'p 2yp” dy  4y'p
1 dp 1 dp dy ,
ZF = F_"7 - p:C\/y =y =C\/V.
2yp*dy 4y’p  p 2y

Toni 3araabHUN IHTETPaI MAaTUME BUTIISII:
3

3 3 3 3
C’y? —4Cy?x+8y*=0 = 8y’=4Cy?x-C’? = 8/y=4Cx-¢’ =
=64y = (4Cx—-C?)?
Po3p’s130x Y =0 moxkHa onepxatu ipu C =0.
Hexait Temnep p3 —4y2 =0= p= 3\/4y2 .Po3B’s13ytoun  BuXigHE PIBHSHHS

: 4 .
BIZIHOCHO [ MaTUMEMO Y = >7 X3 (0cO0IMBHI PO3B’A30K).

Pienanna Jlazpansca i Knepo

O3naueHHs. /Jugepenyianvre pigHaHHs

y =xp(y)+w(y), (2.6.12)
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oe @ ma y - QyHKyii, AKi Maroms HenepepeHi NOXIOHI HA 0esAKOM)Y NPOMINCKY 3MIHU
y', Haszusaemwcs pienannam Jlacpamnoica.

Teopema. Piguanns Jlacpansica inmezpyemucs y K6a0pamypax.

[Mokmamemo y'=p = y=Xe(p)+w(p) (2.6.13)
[Tpoaudepenuiroemo 00uABI YyacTUHU piBHAHHA (2.6.13) o X.

d ! ! ! !
=P+ xg (PP v (P)p

dy

BpaxoBytouu, 110 - y' = p, MaTUMEMO:
p=o(p)+[x¢'(p) +¥'(p)]p’

- p(p) =[x/ () + ¥ (P)]E
Hexait p—¢(p) =0

Toni matumeMo JdiHiMiHE TudepeHuiaabHe piBHSIHHS | MOpsiaKy 3 HeNepepBHUMHU
KoeirieHTamu:

d . ¢'(p) _ v'(p)
dp @(p)-p P-9(p)
[HTErpyroun OCTaHHE PiBHAHHS, 3HAXOIUMO
x=A(p)-C+B(p),
ne A(p), B(p) - Binomi ¢ynkmii, C — moBinkHA cTana.

TakuMm 4MHOM, 3arajdbHUN PO3B’SI30K piBHsSHHS Jlarpamka MOKHa 3amUcaTH Y
napameTpuuHii Gpopmi (Bpaxoyrouu (2.6.13)):
x=A(p)-C+B(p); y=A(p)-C+By(p)

Hexait Temep ymoBa pP—¢@(p)#0 mnopymyerbes, 10010 p—@2(P)=0 1pH
ACSIKUX 3HA4YeHHsX P = Pj, 1=12,..,m.

Toni dynkmii y = Xe(p;)+w(pj) - € po3s’sa3kamu piBHAHHA Jlarpamxka (IuB.
(2.6.13)), ToOTO

y =x(pi) +w(pi)

i po3B'a3Ku MOXKYTh OyTH SIK YACTHHHUMH TaK 1 OCOOJIMBUMU.

[Mpuka. y::%x(y“+§%)

dx 2p 2p?

Hexan p2—4¢0 = i:Lp’ = p=xp’ 3@:%
2p 2p? p X
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1 4 . , .
x=Cp, y= 5 X(p+ B) - 3araJlbHUd PO3B’S30K Yy IMapaMEeTPUIHIN

dbopmi. Bunyuusim napamerp p, AicTaeMo

X 1 (x 4C x? y ,
P=— = YyYy=—X —+—| = y=_—-+2C - 3araipHuii po3B’sI30K
C 2 \C X 2C

Skmo p2-4=0 = p=12 = y' =42 = y=142x

Hexaii Tenep B piBusiuus Jlarpamka ¢(y) =y = @(p)=VY'.
ToO6Tto piBusinHs Jlarpanyka HaOepe BUTIISLY
y=xy'+w(y’) (2.6.14)
PiBusnHs (2.6.14) nasuBaeTbes pisHaaHAM Kiepoll,
PiBastaHst Kitepo po3B’si3yeMo Tako sk 1 piBHSHHS Jlarpanxa

, dp,, .d

Y=p= y=xp+y(p) = p=p+x_b+y'(p)p
dx dx

dp

“F ' -0

Cjlx(><+l//(|0)) =

= 1)%20 abo 2)x+w'(p)=0

1)% =0 = p=const = p=C = y=xC +y/(C)3aranpuuii po3B*s30K.
X

2)x+y'(p)=0. [IpumycTumo, 110 11 PIBHSIHHS MOXKHA PO3B’SA3aTH BITHOCHO [
(m1st mporo mocuTh, o w''(p) =0 todTo Y'(p) # const).
Po3B’s13aB11K JaHe PIBHSAHHS BITHOCHO [, OJEPKUMO:
p=a(x)
Taxum yuHOM, Y = X@(X) + l//[a)(X)].
Mo:xHa 1moKa3aTu, 110 el po3B’ 30K € po3B’sI3KoM piBHSHHS Kiepo.
[Mpuknag. Yy =Xy' — y’2
dp dp

y=p=y=xp-p>= p=prxP2_2p® - Pp_zp-0=
dx dx dx

d : . :
Tomy 1)d—p =0 = p=C Tomi 3aranpHUl PO3B’sA30K JUDEPEHINIATHLHOTO
X
piBHSIHHS Ma€e Burisg Y =Cx+C 2

2)x-2p=0=p= g [TincraBnsiemo B PIBHSIHHSL:

y_x.f_(fj — jy—ﬁ—ﬁ = y—ﬁ-oco6nHBHﬁ 03B’SI30K
2 (2 2 4 4 P '

1 Anekci Knepo (1713-1765) — itanificbkuil MaTeMaTuk.

51



Tema 3: IndepenuianbHi piBHAHHA BUIIUX NOPSIKIB

3.1 PiBHsIHHS, IHTETPOBHI y KBaJpaTypax.
3.2 Jlesiki TUIY PiBHSHB BUIIUX MOPSAKIB, IHTETPOBHUX Y KBaJpaTypax.
3.3 Mesaxi tunu nudepeHIiabHUX PIBHSIHb BUIIMX MOPSAAKIB, Kl JOMYCKAaIOTh
3HIDKEHHS TIOPSAKY.
3.1 PiBHsIHHA, IHTErPOBHI Y KBaJpaTypax.
Osnauenns 1. Piguanns
FX Y, Y, y™)=0, (3.1.1)
oe X - He3anedcHa 3MiHHa, Y- wykawa @Qyuxyis, a ¢yukyia F -

R n+2

BuU3HayeHa U HenepepeHa 6 Oesakiu 00aracmiG C ,N=21 ma

3a1eHCHA IO y(n)’ HA3UBAIOMb 36UYAUHUM OUDEPEeHYIATbHUM PIGHAHHAM
N —20 nopsokxy.
JudepeniiaabHe piBHIHHSA N —20 MOPSAKY, SK€ PO3B‘si3HE BITHOCHO MOXIJIHOI,
Ma€ BUTJISI

Y = £ %y, y D) (3.1.2)

Tyt ¢ynkmis f rakox HenepepBHa (yHKIis B obmacti D < R™ sminn cBoix
apryMeHTIB.
Osnavennsi 2. Poss’sizkom piensanns (3.1.2.) na inmepsani (a;b) nazusacmuvcs
dyukyia Yy = y(x), SKA 3A0080JIbHAE YMOBIU.!

1) y(x) Henepepeno oughepenyitiosarna N —paszie Ha (a; b)
2) (x, y(x), y'(x),..., y(”_l)(x))e Dvx e (a;h)

3)y(X) nepemeopioe pisnanns (3.1.2) na momoxcuicmn, mo6mo
yO(x)= f(x, y(x),y'(X),... y"V)vx e (a;b)
AHaNOr1yHO MOHa c(hOPMYJIIOBATH JaHE O3HAUEHHS 1S po3B's3ky (3.1.1)

Osnauenns 3. 3aoauero Kowi ons pisnanns (3.1.2) nazusarome 3a0auy sioutykanmsi
pose'asky Y(X) pieusauna (3.1.2), sxuii 3a006071bHAE NOUAMKOSI

YMOBU
V(%0)=Yo, ¥'(%0)=Yo s Y D0) = yo" Y, (3.1.3)
e Xg €(a;b), yo,yol ees yo(n_l)(xo)z yo(n—l) - 3aJ]aH1 yucia.
Teopema Ileano: fdxwo ¢gyuxyis T nenepepsna ¢ obnacmi D, mo ons 6yov-saxoi

mouku (X, Yo, Y01+ yo(n—l)) €D icuye poss’szox  pieHsnus
(3.1.2), éusnauenuii y oesxomy oxoni mouxku Xq € (a;b), xompuii
3a0060.1bHs€ nowamkosi ymosu (3.1.3).

Teopema Komi — Ilikapa (Teopema icCHyBaHHS Ta €IMHOCTI pO3B's3Ky 3amadi Korri)
Axwo ¢ynxyis f nenepepsna 6 obnacmi Di 3a006o1nbHse ymogy

(n-1)

Jdinwuya no sminnux Y,y ,...,Y , Mo 0151 6Y0b-5KOI MOYKU

(Xo,yo,yb,...,yo(n_l))e D icuye eounuii po3e’si30xk  piGHAHHS
3.1.2), susnauenuu y oesaxkomy okoai mouxku Xq € (a;b), kompuu
Y Y 0 p

3a0060.1bHs€ nowamkosi ymosu (3.1.3).
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3ayBakenHst. Ymosu meopemu Kowi-Ilikapa eukowyemucs, 30Kpema, SAKWO

dyuryis | nenepepsna na D i mac 6 oxoni mouxu (Xg, Yo, Yo Yo't ) obmednceni
yacmunHi noxiouni no Y,y ..., y(n—l) _

Hexait D - obmacth, y KOXHIM TouIll AKOi 3aiaHa 3ana4ya Ko s piBHSHHS
(3.1.2) mae enuHMl poO3B’SA30K.

O3HavyeHHs. CDyHKLﬂlO
y:(D(X!C_'Ll CZ;---an)i (314)

oe C1,Cy,...C,, - oOosinbHi cmani, Ha3usaromv 3a2albHUM PO38 SA3KOM

piensanns (3.1.2) 6 obnacmi, skuo:
1)pyuryia @ mae nenepepeni wacmunni noxXiowi no X 00 N-20 NOPAOKY

BKIIIOYHO;
2)0ns 6yov-sikoi mouxu (Xg, Yo, Y0+ yo(n_l)) e D cucmema

yO = ¢(X0,C1,C2,...,Cn),

Yo =¢'(X0.C1,C2,....Cp),

y" P =0 (%),C1,Cy....,Cy),
mae eounuti po3e ‘azok gionocro Cq,C,,...,C,

Clo = WI(XO’ yO’ >/(')""7 yO(n_l))’

C; :l/IZ(XO’yO’y(;""’yO(n_l))’ (3.1-5)

C, =, (X5 Yor Yore Yo
3)pyuxyin (X, Clo ,Cg : ...,Cr? ) € po36’sizkom pisnanns (3.1.2) npu 6y0b-saKux

(n-1) )

OONYCIMUMUX 3HAYEHHSX Clo ,Cg ,...,Cr? , AKI eusHauaromwcs pienocmsamu (3.1.5),

3a ymosu, wo mouxa (Xg, Yo, Y0+ yo(n_l)) eD.
4)
Axmo 3aranpHui  po3B’sizok  (3.1.4) B obnacti D 3amanuii HEIBHO
CITIBBITHOIIICHH M
CD(X,y,Cl,Cz,...,Cn)ZO, (316)
TO 1€ CIIBBIJHOIICHHS HAa3WBAIOTh 3arajbHUM iHTerpajoM piBHsiHHA (3.1.2) B
obnacti D.
Po3p’s130k, skuii MokHa 3HaiTh 3 (3.1.4) npu NEeBHUX 3HAYEHHSX
C; (1=12,..,n-1) Ha3uBalOTh YACTHHHUM PpO3B’si3kOM piBHsaHHA (3.1.2).

AHaNOTIYHO BBOAUTHCS MOHSTTS YaCTUHHOTO 1HTErpara.
Axio Bimomuit 3aranbHui po3B’s30k (3.1.4) abo 3aranpHUi iHTErpan (3.1.6), To
3agauy Ko po3B’si3yt0Th Tak:
1)3i cmiBBigHomienus (3.1.4) a6o (3.1.6) i Tux, sgki AICTAlOTh i3 HHUX 3a
nonomororo N—1 - kpatHoro AudEpeHIitoBaHHs MO0 X 13 BUKOPUCTAHHSIM
noyatkoBux ymoB (3.1.3) ckiamaroTh CUCTEMY PIBHSHb BIJHOCHO
Cl’CZ""lCn ;
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2)pO3B’A3YIOTh CUCTEMY —> OJICP)KYIOTh 3HAUCHHS Clo ,Cg ,...,C,? ;
3)IiACTaBIIAIOTh 3HAYCHHS Clo ,Cg ,...,C,? B (3.1.4) abo (3.1.6) 1 micTarOTh
po3B’s130k 3anadi Korri.
y=p(x,C%, C%,...C%) (3.1.7)
a00 YacTMHHUU IHTErpaj CD(X,Col,Coz,...,COn):O, IKAM HESBHO
3a/1a€Thes PO3B’sA30K 3amadi Korri.
SAxmo y piBHOCTi (3.1.7) BpaxyBaTH 3aJICKHICTh Clo ,Cg ,...,Cr? BiJT
(X0, Y0, Y-+ Yo'
y ¢opmi Komi:

y =y (X, X0, Y0, Y0+ Yo
SAxmio criBigHomeHHs (3.1.4) a6o (3.1.6) 3amano y BUTIISAAL
x=x(t,C,C,,...,C,)

y=y(t,C,C,,...C),

10 (3.1.8) Ha3MBaIOTH 3arajiLHUM iHTErpajoM y napaMmeTpuuHii ¢gopmi.

n-1 . . o
)) B SIBHOMY BUIJIS1, TO J1CTAEMO 3arajlbHUU p033’51301<

(n—l))
(3.1.8)

Hns piBuaaHs (3.1.1), HEPO3B’A3aHOTO BIIHOCHO MOX1AHOL y(n)’ 3amada Ko
CTaBUTBhCSA AaHAJOTIYHO Takiki 3amadi jyis piBHsHHS (3.1.2). Ilpu 1mpomy, SKIIO

(n (n)

-1) . . .
3a7[aHUM 9uCTaM X, Yo, Yos--r Vg '{ KOKHOMY 3i 3HAUYCHB Yo' ’,Kl BU3HAYAIOTHCS 3

PIBHSHHS
n-1 n
F (X0, Yo, Yor- Yo', yo™) =0,
BIITMIOBIZIA€ JIMIIIE OJWH PO3B’SI30K, TO KaXyTh, MmO 3amada Komi Mae eauHmii
PO3B’SI30K.

Teopema. (icnysanns eounocmi pose'azKy 3aoaui Kowi pienanns (3.1.1))
Hexaui ¢pynxuyin F nenepepsna 6 oonacmi G i mae nenepepeui 4acmunHi

noxioni  no v,y .y Tooi  Ona  6yOb-aKkoi  mouKu
(X0:Y0: Yor Yo D) €G  maroi; w0 F (X, Yo, Yo, Yo'™) =0,
oF

ay(n) (XO’yo,YE),...,yo(n))iO icnye eounutl pose’ssox pienanns (3.1.1),
BUSHAUEHULl V O0esKOMY OKOMi mouku Xg € X, Kompuil 3a0080/bHSE
nouamxosi ymosu (3.1.3).

[ToHsATTS 3aradbHOTO PO3B'SI3KY ¥ 3arajbHOTO 1HTerpana piBHsHHA (3.1.1)
BBOJISITHCS AHAJIOTTYHO MM TOHATTSAM 11 piBHSHHSA (3.1.2).

Sxmo Y(X) - po3B’s30k piBHAHHSA (3.1.1), TO MHOXHHY TOYOK {(X, y(x))\ Xxe X },
T0OTO Tpadik po3B’si3Ky Y =Y(X), HA3MBAIOTh IHTErpajbLHOKW KPHUBOIK PIiBHIHHS

(3.1.1).
['eoMeTpu4HO PO3B’SA30K (3arajiIbHUM 1HTErpai) € CIM €10 IHTErpalbHUX KPUBUX
HAa TUIOIIMHI, SKa 3aJIeXHTh Bix N mapametpis Cq,C,,...,C,,.
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O3nauennst. CniggioHoOWEeHHS MUny
=YY ..y C,Cs,...CL)=0 (3.1.9)

oe Y - poss’sasox piensannsa (3.1.1) abo (3.1.2), oobymuii y nacniook
inmeepyeanns pisusnus (3.1.1), nazusarome npomiscnum inmeepaiom K-
20 nopsoky pisusanns (3.1.1).

SIKIIO BiOMMI TPOMDKHUE IHTErpall K-To Mmopsaky, TO 3ajada iHTerpyBaHHSI
piBHSHHA N-ro mopsaky (3.1.1) 3BOaUTBCS A0 MPOCTIIMIOL 3aaadi 1HTErPyBaHHS
piBHsHHES opsaaky (nN—K).

[TpomikHUI 1HTETpaAT

(XYY ..y C)=0 (3.1.10)
HA3MBAETHCS MEPUIUM iIHTErPaJIOM.
O3navenHsi. Qynxyito £(X) Hazuearomv 0codOIUBUM PO38 SA3KOM OUpeperyianrbHo2o

pisnanns (3.1.1), axwo:
1) &(X) nepemeopioe ougepenyianvre piGHAHH HA MOMONCHICb,

2)VXg € X 3a0aua Kowi 3 noO4amKo6UMU ymosamu

Y(X0) =&(X0), Y'(X0) =&"(X0), s y(”‘l) (Xg) = §(n_1) (Xg) Mmae bGinvwe

HIJIC 0OUH PO38 A30K.

3.2 /lesiki TUIIKM PiBHAHb BULIUX MOPSAAKIB, iIHTEIPOBAHUX Y KBaJpaTypax
a) Pienannsa, axi micmameo nuuie noxiony N-20 ROpaoKy wiyKanoi pyuxkuii ma
He3a/1eJCHY 3MIHHY

Fx,y™)=0 (3.2.1)

[MapameTpu3artis: X = @(t), y(n) =y(t), ne o(t) - nudepenmiioBHa GyHKITis.
3aranpHui 1IHTErpaj TakoX OyAeMO IIyKaTH y mapaMeTpuydHii Gpopmi
dy" = yPax =y 0) - p'Odt = y" = [y ) -9 Odt+ Cr =pa (8.Cy).

AHAaNOT14YHO 3HAXOIUMO y(n—2) 1T.0.. JIng y micraemo BUpa3 BUIY THITY
y =", (tC1,Ca,..,Cp).
Tomy cucrema
{X = (1)
y=¥,(,C,Cs,...,.Cp)
napameTpuuHii Gopmi.
Oxpemum Bunaakom (3.2.1) € piBHAHHS
y™ = £ (x), (3.2.2)
ne f(x) menepepna Ha X =(a;b) dyHkIis.
ko BBaxkaTu X € X mapameTpoMm, TO 3arajbHUN po3B’s30K piBHSHHA (3.2.2)

JICTAaHEMO Y BUTJISIII:
y=[((.(J f (x)dx)dx)...)dx +Cx"* +C x"* +...+C_,x+C,

3araybHUI PO3B’SI30K PIBHSIHHS (3.2.2) y dbopmi
Kommi:

€ 3araJbHUM 1HTerpajom piBHsAHHA (3.2.1) 'y
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= 1([ (--(] F () dx)dx)...)dx + > Yo' (X=x)" + Yo
. (n-1)! ’ (n—2)!
ae Xg € X; Yo, Y0, ’y(()n -1)
[Mpuksan. y2-2y"—x=0 - x=y"-2y"
[Toxmagemo y' =t =
x=t>-2t; dy'=y'dx =

= dy'=t(3t2 -2)dt = Omxe,

- OyIb-sIK1 yuCIa.

y' = [t(3t° - 2)dt= %t“ ~t2 +Cy.

y= I( t* —t’ +C)dx j( I +c)(3t —2)dt =

2
R N S o o)
28 10 3
OTxe, 3aralbHUI PO3B’SI30K JU(PEPEHLIATBHOTO PIBHSHHSA y NapaMeTpHYHINA
dhopMi Ma€e BUTIISI

x=t3 -2t
y—i7 95,2558 o,
28 10

Mpukmaa. y" =sin X = dy’=sin xdx =
= y'=|sinxdx=—-cosx+C;
= y=[(-cosx+Cp)dx=-sinx+C;x+C,

y=-sinx+C;x+C,
0) Pienanna muny

Fiy®,yMy=o (323)
k110 oro MoXHa po3B’S3aTU BIIHOCHO y(n) , TOOTO
y™ =ty D), (3:24)

TO BBOJSATH HOBY HEBiIoMy (hyHKIIIO U = y(n—l)_
Toni piBHsiHHS (3.2.4) 3BOAUTHCS J0 BUTIISY:

u' = f(u)
3aragbHUM IHTETPAJIOM I[bOTO PIBHSHHS €
du
X+Ci=|——, f(u)=0 3.2.5
=l O (325)
[Tpunyctumo, o piBHsHHS (3.2.5) MOXHA pO3B’s13aTH BITHOCHO U !
u=yp(xCp), Yy =y (x,.Cp) (3.2.6)

Ockinbku  (3.2.6) € pIBHSIHHSIM THITY y(n) f(x) (3.2.2), To 3aranbHHi
PO3B’s30K piBHSAHHA (3.2.3) AiCTAEMO Yy BUIIISIL:

y=[((..(w(x,C)dx)dx)...)dx+C,x"* +...+ C_ x+C,

n
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[Tpuknan. 3HailTH 3arajibHUNA posB’;I301< PIBHSIHHSI
!12

"

y"y" =1+y

y'=u = uu= 1+u? =

:%u: 1+u? udu :dx:>f

= L“l:xwl =
o L+u” (u2+1)2

%I(u +1) ;d(u2+1):x+C1 = \/u2+1=x+C1:>

= =(X+C1)2 -1 u =i\/(x+C1)2 -1 =
= y'=+(x+Cy)? -1
y’:ij\/(x+C1)2 ~ldx=

| X2 —1dx = £ x/x? —1——
2

nlx 4 +/x?2 — ‘ (bopmyna oOnEpPKYETHCS METOJIOM

X'=X+C; X—3aminsaemo na X+Cy
IHTErpyBaHHS YaCTUHAMMU )

:J_r(%(x+cl)\/(x+cl)2 —1—%Inx+C1 +\/(X+C1)2 —1)+C2,
y =ij[%(x+cl)1/(x+cl)2 —1—%|n‘x+c1 1 (x+Cyp)2 —1‘+C2}dx:
- i{%\/((xml)z _af —%(X+C1) : In‘x+C1 £ (x+Cy)2 —1‘+%1/(X+C1)2 —1}

+Cox+Cg,

C1,C,,C3 - noBinbHI cTaI.
ko PIBHSIHHS (3.2.3) 3a1aHO B napameTpUyHIN dbopmi
Y™ =),y =y (),
ne w(t) - nudepeniiioBHa GyHKIIisA, TO HOr0O IHTEIPYIOTh TaK:
dy™D  y()dt
y® ()

x= [V (t)dt +Cy = &(1,Cy) (3.2.6)

dy™ D = yMgx = dx=

, 3BIJIKA

dy(-2) _ y (D) gy ¥ (Oy ()dt
o(t)
y(n—2) _ I‘//(t)‘//’(t)dt +C
o(t)
dy("=3 = y(=2qyx . dy = y'dx
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y =[y'dx+C, =7(t,C;,C;,...,Cy) (3.2.7)
CykynHictb (3.2.6) 1 (3.2.7) € 3aranibHuM 1HTerpajiom (3.2.3) y napameTpudHii

dhopwmi.
[puknaza. 3HalTH 3aradbHUN PO3B’SI30K PIBHIHHS:

y'=\1+y?

[TapameTtpu3aris:
y'=t, y" =1+t
dy’=y"dx = dx= dy __dt

= =
y'  \1+t?
dx=—dt X+Cy=Intt+V1+t?) = t+V1+t% =X
V1+t2
V1+t2 =Xt

1+t2 —_ 2(X+C1) _ 2te X+Cl +t2 — Zte X+Cl —e 2(X+Cl) _1 —

2(x+C))
:>t - %[%} fm— t - %(e X+C1 —e _(X+Cl) ): Sh(X + Cl)
e 1

3Bigcu y' =sh(x+C,) = y=ch(x+C,)+C,
B) PIBHSHHS THUITY
F(y"2, yMy=0 (3.2.8)
3amiHa: y(n—2) =u = F(u,u”) =0. Takum yrnOM, piBHsSHH (3.2.8) 3BEmOCS 10

piBHsHHS 2™ nopsiaky. [IpumycTimo, 1o Horo MokHa po3B’si3aTH BiTHOCHO U !
u”= f(u)

[TOMHOXHUBIIM OCTaHHE PIBHSAHHS HA IHTEIPYBAIbHUA MHOKHHUK £ = 2U', TICTAHEMO

2u'u"=2f(uu’ = 2u’u”:2f(u)(;|]|—xu = 2u'u"dx=2f(u)du =

2u'du’ =2f (u)du = du’® =2f (u)du = u'® = [2f (u)du+C; =

u'==+/[2f(u)du+C; :%:i\/IZf(u)du+C1 =

=X+C2 = l//(X,U,Cl,Cz):O

I du
/]2 (u)du+C
BpaxyBaBuiu 3aMiHy, 0JIep>KMMO IPOMDKHHI 1HTETrpat:
w(xy"?,C,Cy) =0,
T00TO MudepeHIiaibHe PiBHIHHS MOpaky (N—2), ke IHTErpyeThes B KBaApaTypax

(Tumy (3.2.1))!!!
SAxiio PIBHSIHHS (3.2.8) 3aJ1aHO y napaMeTpUIHOMY BUTJISIT

y(n) =(t), y(n—2) =/ (t), TO HiOro IHTErpyIOTH TaK:
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dy™D = yMgy dy(-2) = y-Dgy
y " Dax. dy®D = yMgy. gy(-2 -
= y0D gy _ ) gy(-2)
=y dy"D = p(t)y (1) dt

Zaly v 2= ooy et
aly™ 0 =20y 00t =

=y =1 2] o)y (t)dt + C; = &£(t,Cy)

TakuM 4YMHOM, MaTUMEMO JUIS y(n—l)’ y(n) napaMeTpuuHe 300pakeHHS Y

BUTJISA1
y™ = (1)
y" = &(t.cy),

AK€ BXKE PO3IJsHYyTe JUIs piBHAHHA (3.2.3).

3.3 Jesiki Tunu q1udepeHniaibHUX PIBHSAHb BUIMX NOPA/IKIB, AKi J0MyCKAIOTH
3HMKEHHS MOPAIKY.

a) Pienanna, aki He micmamb uwiykanoi QyHKuyii ma KilbKox ROCII006HUX
noxXioHux

F(x, y®, y&D yMy=0 1<k<n (3.3.1)

3a J101oOMOror0 3aMiHU y(k) =Uu, 1e U - HoBa HeBigoma ¢yHKIis, (3.3.1) MoxkHa
3BecTH J10 piBHAHHS (N —K)- ro mopsiaky:

F(x,u,u’,..., u" )y =0 (3.3.2)

Axmo piBusHHA (3.3.2) 1HTErpyeThcs y KBaapaTypax, TO MOBEPTAIOYUCH 10
3MIHHOI Y, AICTaHEMO MPOMIKHUM 1HTerpan piBHsIHHS (3.3.1)

y® = 0(x,Cp,...,.Chy ) =0

abo
o(x,y®,Cy,...C,) =0 (3.3.3)
PiBHsiHH# (3.3.3) € piBHsAHHAM Tuy (3.2.1).
IMpuknag. y" —xy"” + y”2 =0
Hexaif y"=u=U-xu'+u%=0 = u2+u:@ :%: du (U=0,u=-1)
dx X u(u+l
| du :j%+ InC,C >0, Inu/-Inu+1=InC[x|
u(u+1) X
U c= 1 =Cx, C %0 = u= Cox :>u=y”:i
u+l u+l 1-Cyx 1-Cyx

[TocniIoBHUM IHTETPYBaHHSAM 3HAXOJAUMO:
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y'=]

X d4x+C, :—x—Ciln\l—CleCZ
1

1-Cyx
x* 1 1

y=—"——"xInl- Clx\+—x+—ln\1 CyX|+Cyx +Ca,
2 Cl Cl Cl

ne Cq,C,,C3 - nosunbHi crami, C; #0.
Sxmo u=0, To y=ax+Db.
X2
SAxmo u=-1 To y:—7+CX+d.

3a JIOMOMOro0 MiJICTAHOBKH MEPEKOHYEMOCS B TOMY, IO Il (PYHKIII € TaKOX
PO3B’s3KaMU PiBHSIHHS.
0) PisHAHHA, AKI AGHO HE MICHAMb HE3ANEHCHOT 3MIHHOT

F(y, Y, y™)=0 (3.3.4)
3amina Y = p, ae p= p(y), Y- HOBa He3aIC:KHA 3MIHHA.
[Topsimox piBHsHHSA (3.3.4) MOXKHA 3HU3UTU HA OJUHUIIIO, OCKLITBKH

y_dy’ _dp dy
3.35
dx dy dx - PP ( )
w_dy" _dy" dy

_ 'hA' 14 — 72 14
X~ dy dx = (pp) - p=(p'p'+ pp")p (p +pp)p

[TincraBuBmiu migctanoBky Y = p y (3.3.4), micranemo pisusiaas (N—1) - ro
MOPSIIKY BIIHOCHO HOBOI ITyKaHOT QyHKIIT P :
Fu(p,p',... P ) =0 (3.3.6)
Skimo BigoMuit 3araabHuM 1HTETpaa piBHIHHSA (3.3.5):
@1y, p.Cp,.,Cp1) =0
TO CHIBBITHOIIICHHS
@4(y,y",Cy,...,Cr1) =0 (3.3.7)
€ MpoMibKHUM iHTerpajgoM (N—1) - ro mopsaky piBHsHHS (3.3.4).
3araneHuil iHTerpan piBHaHHSA (3.3.7), skuii mae Burasag D(X,Y,Cq,...,Cq) =0,
ae Cq,Cy,...,C, - N0BLIBHI cTam € 3aranbHUM 1HTerpajoM (3.3.4).
BHacmigiok 3aMiHd Y’ '=p MOXJMBa BTpara pO3B’sA3KiB THIy Y =CONSt.

besnocepennbo mepeBipko0 HEOOXITHO TEPEBIPUTH, YU cripaBai piBHIHHS (3.3.4)
Mae€ Taki pO3B'SI3KH.
[Ipuknaza. 3iHTerpyBaTy PiBHIHHSL.

"

yy'—y'? =y?Iny B oGuacti y>0, y'>0.

PiBHSHHA SIBHO HE MICTHUTH HE3AJIEXKHOI 3MIHHOT X
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, d 2
y'=p, p=p(y) = ypd—S— p? =y?Iny (MHOXWMMO Ha y)

(y'=(@y") =(p) —p'dy—pp)

dx
ZP%—— p*=2ylny
dy vy

(p?) -2 p* =2yIny
y

(JTiH1MHE PIBHSIHHS MEPIIOTO MOPSAKY BIIIHOCHO p2)
2 2

o? =g (C, +[2yInye™ ™ dy);

p>=y*(C, +In’y). y>0 p>0 =

p:yw/C1+In2y = —_y\/C1+In y = =dx =
yw/C1+In y
In‘lny+\/C1+In2y‘:x+lnC, C>0

Iny++/C;+In2y=Cre*, C, 20 = C;+In?y=C,%2*—2C,e¥Iny+In?y,

C,’e”-C,
C22e2X Cl 2C 2e2x
2C,
B) Pienanns, 00nopioni ¢ionocno y,Y',..., y(n).

Po3risitHeMo piBHSHHS THITY
FOGY, YY"y ™) =0, (3.3.8)
ne dyukiis F e omHopimHoro BimHOCHO V,Y',..., y(n) 13 TTIOKQ3HUKOM OJIHOPITHOCTI
m, To0TO
F(x, Ay, Ay, Ay = aME(x y, v, ... y™M), 1>0
3a I0IIOMOT 00 3aMIHUA

y' = yu, (3.3.9)
e U - HoBa HeBigoMma (yHKIS, MOpsSAoK piBHsSHHA (3.3.8) MOXHAa 3MEHIIUTH Ha
OJIMHHUIIIO.
Maewmo:
y'=yu,
" 2 '
y =yt (3.3.10)

y™ = yg(u,u',...,u" 1))

(Y =(y) =(yu) = yu+yu = yu? + yu' = y(u® +u")
[TinctaBumo (3.3.10) y (3.3.8)
Ockinbku QyHKIA F € 0qHOPIIHOIO TO MATUMEMO A =y)
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y"E(x,Lu,u+u’,..., g(uu’,...u") =0 (3.3.11)

Cxoporusum piBasrEs (3.3.11) Ha Y™ (po3s’s3ok y=0 Tpeba He BTpaTUTH,
nictanemo audepentianpae piBHAHHSA (N —1) - ro MOPSAKY BiZHOCHO PyHKIIT U :

F(x,Lu,u+u',....g(uu’,...u™) =0 (3.3.12)
Slkmo Bimomui 3aranpHUil  po3B’s3ok U =@(X,Cq,Cy,...,C_1) piBHSIHHA
(3.3.12), To, six BurumBac 3 (3.3.9)- (3amina), 3arayibHAI Po3B’s130K piBHIHHAS (3.3.8)
Ma€ BUTJISII:
y= Cnej(p(x,Cl,C2 ..... C,,)dx ’ (3.3.13)
ne Cq,C»,...,C}, - TOBUIBHI cTaI.
HiiicHo, ockinbku 3 (3.3.9) y'=yu =

:ﬂ:yu = ﬂ:udx =
y

dx

y [udx
= Iny—-InC=|udx = InX=|udx = y=Ce
y J o=l y

r) Y3azanvrneno-00nopioni pieHaAHHA.
PosrisitHeMo piBHSHHS THUITY
F(x,y,Y,...y™)=0, (3.3.14)
PiBusinus (3.3.14) Ha3uBalOTh y3aralbHEHO-OJHOPIAHUM, SKIIO ICHYIOTh YMCia
K 1 m Taki, 1o
F (/1tX, /ltk Y, ﬂ(k—l)t yl’ _..’ﬂ(k—m)t y(n)) _ ﬂmt F (X, Y, y!,.“, y(n))
BBoaumo 3aminy
x=el, y=uek (3.3.15)
ne t - HoBa He3aJieKHa 3MiHHA, U - HOBa mykaHa ¢yHkiis. Toxai piBasHHS (3.3.14)

MO>KHA 3BECTU JI0 PIBHSIHHS, SIKE SIBHO HE MICTUTh HE3aJIE)KHOT 3MIHHOI 1 .
Marumemo:

y’=ﬂ:ﬂ-$:ﬂ-i:(%ekt +kuektje‘t = (U’ + ku)e kDt
dx dt dx dt dx \dt
dt

" dy' dy, dt dy, —t " na(K=Dt ' k=Dt |,—t
=T dr o dr :[(u +ku")e® D4 (' + ku)(k —1)e! >]e S

— ekt gt [u"+ ku'+ku' +k2u—u'— ku]:
k=2t [u”+(2k—1)u’+(k2 —k)u]: (3.3.16)
_ [u"+ (2k —Du’ + (k% - k)u]e(“)‘;

y™ = g(u,u’,...,uM)ek-21
[TincraBuBmm (3.3.15) 1 (3.3.16) B (3.3.14) gictaHemMo piBHIHHS BUTJISITY
e™F @u,u,...,uMy=0, At =el

SIKE TICIISI CKOPOUYEHHSI Ha e™ oJiep>kUMo piBHSHHSA (3.3.4).
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[Ipuknaa. 3iHTErpyBaTH PIBHIHHS
2 14 ! 2
X“yy"—=(y-xy)* =0
JliBa yacTuHA LIOTO PIBHAHHS € OJHOPIIHOI (YHKIIIEI BIJHOCHO
3MiHHEX Y, Y',Y" 3 MOKa3HUKOM OJHOPIIHOCTI 2.
Fx, Ay, Ay',... Ay") = 2% [xzyy” —(y- xy’)ZJ: 2R,V y ™)
Bukonaemo 3aminy Y =yu, y'=y'u+u'y = yu2 +uy = y(u2 +u'),
7e U - HoBa HeB1JIoMa (PyHKIIIS.
Toni
x2y2(u2 +u')—(y-— xyu)2 =0
yz(xz(u2 +u)—(1- xu)z): 0
y =0 - po3B’s130K piBHSHHS; K0 Y # 0, TO x2(u?+u)—(1-xu)? =0

x2u? + x2u' =1+ 2xu—-x%u? =0

u-1+2xu=0>
, 1 C )
U +—U=—= -JI1HIUHE plBH}IHHH.
X x2
3aI‘aJ'IBHI/II7I pOSB,HBOK IbOoro piBHSIHHfI Ma€ BUIIA O

2 2 *
—[=dx 1 [=dx C. 1

*
u=e X C. +J.—Ze X dx :_2+_
X X X

BpaxoByemo 3aminy Yy’ = yu

*

- C
dy:(—;+1)dx = Iny-InC,=—+Inx =
X

yoxX X
C*
— L= 4Inx
5 X
E+In>< < <
y=Ce* = y=Cere™ = y=C,xe*

y=0 npu C, =0.
[lpuknazg 2. 3iHTErpyBaTH PIBHAHHS
X4y + (' = y)°
Hexaii F(x,y,y",y")= x4y” + (xy' — y)3. Toni
E(atx, Ay, ARty 020ty -t pk-2)tydyn oty Dty gkty3

:lt(k+2)x4y”+ﬁ,3kt(x yr_y)3;
t(k+2)=3kt, kt+2t=3Kkt k+2=3k = k=1 =>m=3.

3amMiHa

x=e', y=uel; y’(x)=%-%:(u’et +ue)et=u'+u= y =u'+u; y' = (U +u)e
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[lincraBiasieMo y piBHSHHS:
e +u)et + (et (U’ +u) —uet)3 =0
e3t |:U” +u'+ u13:|: 0

Marumemo U"+U' +U"° =0. Lle PIBHSIHHS SIBHO HE MICTHUTh HE3aJIS)KHOT 3MIiHHO] t .

[MToxmagemo U’ = p(u), u”=%u’:% p.
du du

Martumemo,
p%+ p+ p3:0 :@:—1— p2 abo p=0

du du
p=0=> u'=0=>u=C = y=Ce' = y=Cx
%:_1_ p? = dpg:—du = arctgp=C,—u = p=tg(C, —u)
du 1+p

Tomy U =tg(Cy —u) = %:tg(Cl—u) — ¢tg(Cy —u)du=dt =

= [ctg(C; —u)du=t—InC,, C, >0
Injsin(u —Cy)|=-t+InC,

sin(u—C;) =Coe™

u=Cy +arcsinCpe™

: 4 1
BpaxoByroun 3aMiHy Y = UX, € == x=e', marumenmo:
X

y = x(Cy +arcsin C—XZ)

Po3B’s130kx Y =CX maemo nipu C, =0, C; =C.

n) Pignanna 3 moyHumMu noxXiOoHumu.
Posrisinemo piBHSHHS

F(xy,Y,..y™M)=0, (3.3.17)

JiBa YacTHUHA SKOTO € TOYHOK MOXimHOM Bix geskol ¢pyukmii Dq(X,Y,Y',..., y(”_l)) ,
TOOTO

, d , _
F(XY,Y ,.--,y(”))=&®1(x, Y,y y D) (3.3.18)

Take piBHSHHSA HA3UBAIOTh PIBHAHHAM i3 TouHMMM moxignumu. I3 (3.3.18)
BUILINBAE, 110 CIIBBIAHOIICHHS

' -1
D16,y y ") =Cy
€ repumuM iHTerpanom piBHsaHHS (3.3.17) — piBHAHHSAM (N —1) - rO MOPAAKY BiTHOCHO

mykaHoi QyHkiii. OTxe, piBHSHHA 3 TOYHUMH MOXITHUMH JOMYCKAalOTh 3HU)KEHHS
MOPSIIKY Ha OJMHMIIIO.

Mpuknan. yy" —y'> =y’
Yy =0 - € po3B’SI3KOM PIBHSHHSI.
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Poznainnmo piBHSHHS Ha y2 # 0. Marumemo 5 ===, 3BIIKHU
y y
”_ !2 ! ! ' l ' ! 1 2
Yy 2y _yZZOQLLJ _[_j =0 & (l__) =0 =
y y y y y 'y
' 1 ,
T-l-¢ y-cy=-1

y 'y

[Ipu C; =0 = y=—x+C
[Ipu C; #0 nmicTtaemo miHIiHE HEOAHOpiNHE PIBHSAHHS 1™ mpsaKy, 3arajbHUN

pO3B,5I3OK AKOT'O
y =e&X (02 | e_clxdx)z C,e&* + ci C,#0
1
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Tema 4: Jliniitni 1udepeHuiajabHi piBHSIHHA N - 10 NOPSAAKY
4.1 OcHoBHiI o3HaueHHs. [IOHATTS TPO KOMIUIEKCHUU PO3B’S30K OJHOPITHOTO
JiHiHOTO piBHAHHA. [IOHATTS Tpo MiHIMHUN AuQepeHIianbHui omepaTop N- Tro
MOPSIIIKY.
4.2 BaacTuBOCTI pO3B’A3KIB OJIHOPITHOTO JIIHIHHOTO PIBHAHHA.
4.3 dyngameHTanbHa cucTeMa po3B’sa3kiB. Busnaunuk BpoHcrkoro.
4.4 CtpyKTypa 3arajlbHOTO PO3B'SA3KY HEOTHOPITHOTO JIHIHHOTO PIBHSHHS .
4.5 IlpuHIUn HaKJIalaHHS.
4.6 Metopa Bapiariii JoBUIbHOI cTasnoi. Meton Jlarpanxa.
4.7 IaTerpyBaHHS OJHOPIAHOTO JIIHIMHOTO PIBHSHHS N- TO MOPSAJIKY 3 CTaJuMHU
koedimientamu (metona Eitnepa).
4.8 Po3B’si3yBaHHA JIHIMHO-HEOTHOPIAHUX IU(EpeHIliaJbHUX PIBHSAHb 13 CTAIMMHU
Koe(iieHTaMl 1 CHEIIaJIbHOK IMPaBO0 YacTUHOW (METOJ HEBU3HAYCHUX
Koe(iIie€HTIB).
4.9. PiBusuns Einepa

4.1 OcHoBHI 03HaYeHHSA. [IOHATTS PO KOMILTIEKCHUI PO3B’A30K OJIHOPITHOI0
JIIHIHOT0 PiBHAHHS.
Osunauenns 1: Pignanus euensioy

) -2 '
Y+ pr 0y 4 py 0y bt P (Y F Py = F(X) (4L
HA3UBAEMbCS HEOOHOPIOHUM JIIHIUHUM OughepeHyiaibHuM pigHAHHAM N- 20
nopsaoky Pi(X) - @yuxyii, wo nenepepsHi y inmeepaii, 6 AKOMY BUZHAYEHO

PDIGHAHHAL.
O3navenns 2: Pignanns euensioy
-1 -2 '
Y+ pr 00y T + pa 0y 4 pa (Y + (Y =0 (412)
HA3UBAEMBCSL JIUHIUHUM OOHOPIOHUM OughepeHyialbHuM pieHAHHA N- 20
NOpsOK).

Henepepericts ¢ynkni  Pj(X) (i=1+n) 3abe3neuye icHyBaHHsS Ta €IUHICTh
po3B’s3Ky 3anaui Ko 3 Oyab-IKMMH IOYaTKOBUMH YMOBaMHU.

Bokpema, skmo  Y(Xg) =0, y'(X9) =0,..., y(n_l)(xo) =0, TO Oyme TIIbKK
OYEBMJIHUN HYJIBOBHM po3B’si30K Y =0.

IHousaTTs Npo JdiHiHHMEA TUdepeHniaJIbHIHA onepaTop N- ro NOPsSiAKY.
[To3nauumo JiBy yacTuHy piBHAHHS (4.1.1) uepes L(Y)

_ -2 '

L) =y + p )Y 4 Py T+ (Y Py (4.13)
L(y) - € pe3ynbpraToM BUKOHAHHS HaJ (YHKIIIEI y omepaiiid, yKa3aHuX y TpaBii
gacTuHi popmyiu (4.1.3). CyKynmHICTh IIUX ONEpaIiii Mo3Ha4a€ThCI CUMBOJIOM L :

n n-1

d
L=—70-+ py(x)
ax" o gxnt

bynemo HasuBaTH ¥OTO JHIAHUM JU(EPEHIIAIBHUM OMEpaTopoM N- TO
MOPSIIIKY.
3okpema JiHiIHNA qudepeHIiiaabsHui onepaTtop N - To MOPSIKY Ma€ BUTIIS:
d? d
L=t py (00— + py(X)
dx dx

d
ot P20 P9
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[Tpuknan. PosrnsiHEMO onepaTop
d? _d
L==—--5—+6
dx?  dx
O6uucmo L(e?¥), L(e¥)
L(eX) =226 —5.2e% + 6% =0

L(e*)=e* —5e* +6e* =2¢e*
BiactuBocTi JiHIMHOTO orneparopa:

L(ky) =kL(y)
L(yp +y2) = L(y1) + L(y2)

m m
V3aranbpHIOI0YH, OJIEPKUMO L[ > Ci Yk ] = > CyL(yy)
k=1 k=1

IHoHATTS NP0 KOMILIEKCHHUI PO3B’ 30K OJTHOPIHOIO JiHIHHOT0 PiBHAHHSI.
Osnavenns: @yuxyis Y(X)=u(x)+iv(x) (i = J=1) nasusaemoca xomnaexcrum
po38’s13k0M  00HOpiOHo20 niniuno2o pisnanns L(Y)=0 e inmepsani
(a;b), saxwo eona nepemeopioc ye pisnanmns y momosrcnicmo
L(u(x)+iv(x))=0, (4.1.4)
sika cripaBeuuBa VX € (a;h).
TotoxHicTh (4.1.4) piBHOCHJIBHA TOTOKHOCTI:
LU() +iLv(x)=0 < {L(“(X)) =0
L(v(x)) =0,
a 1me osHadae, 1o ¢yHKmii U(X),V(X) € po3B’I3KaMH OJHOPITHOTO PIBHSHHS
L(y) =0. ( OTxe, 3HaHHS OJJHOTO KOMIUIEKCHOTO PO3B’s3Ka JIa€ MOXKJIMBICTh 3HANTH
JIBa pI3HUX NIMCHUX PO3B’sI3Ka.
[Ipuknazn. Po3risHeMo piBHSHHS
L(y)=y"+y=0
e piBHSHHS Ma€ KOMIUIEKCHUI pPO3B’SI30K
y =eX =cosx +isin x
Tiiicro, L(e™) = (e™)"+e™ =i%e™ +e™ =0.
Tomy ¢yHKIii Y =C0SX, Yo =SINX € AIHCHUMHU pPO3B’SI3KaMH BHUXIHOTO
PIBHSIHHSL.

4.2 BaracTuBoCTi po3B’A3KIB OJHOPIHOIO JiHIHHOTO PIBHSIHHA.
1. Sxmo Yy; =Y;(X) - YacTHHHUI PO3B’SI30K OJHOPIMHOTO JIHIHHOTO pIBHSHHS

L(y)=0, to

y =Cyy,
ne C - nmoBijmpHA cTaja, TaKoX € po3B’s3KoM 1boro piBHsHHS. (Lle BummMBae 3
BJIACTUBOCTI JIIHIHHOTO AU(PEPEHIIIATIBHOTO ONIEPATOPa).
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TakuM 4YMHOM, 3HAIOYM OJWH YAaCTUHHUN PO3B’SA30K, MOKHA OJIEP)KATH IILTY
(omHOIIapaMeTpUUHY) CIM ‘10 po3B’s13KiB (0€3 kBaapaTyp). OTxe, po3B’ 30K JIHIMHOTO
OJTHOPITHOTO PIBHSIHHS BU3HAYAETHCS 3 TOYHICTIO JIO CTAJIOTO MHOKHHUKA.

2. Sxmo Yy; =Y1(X), Yo =Y,(X) - yacTHHHUI PO3B’S30K OIHOPIAHOTO JIIHIHHOTO
piasHEs L(Yy) =0, To TXHS cymMa TakoX € pO3B’SI3KOM 11bOT0 PiBHIHHS. JlilicHO,
L(y1 +y2) = L(y1) + L(y2) =0

HasiBHICTP JaHMX JBOX BIACTHBOCTEH BKa3ye, IO MHOXKHMHA PO3B’SI3KiB
OJTHOPITHOTO PIBHSHHS € JIiHITHUM NPOCTOPOM.

3. SAxmo Yy, Y2,..., Yy - YACTMHHUN PO3B’S30K OJHOPIAHOTO JIIHIMHOTO PIBHSHHS

L(y)=0, 1o

m
y=2Cx ¥
k=1
ae Cq,...,C,, - IOBUIBHI CTalll, TEX € PO3B’SA3KOM IIbOTO piBHAHHA. L{g BiacTuBicTh

BUIUIMBAE 3 BJIACTUBOCTI 1 1 2.

4.3 ®yHgaMeHTAIbHA CHCTeMA PO3B’s3KiB. BuzHauHuk BpoHCbKOTO.

Osunauennsi: Hexaii 3a0ano M gynxyiu 6i0 X
Y1,Y2,-0Yym (@a<Xx<b) (4.1.5)

Cknademo ix JiHiUHY KOMOIHaAyil0 i3 cmamumu KoeghiyicHmamu
Y1+ asyy +.. oYy Axwo ya niniuHa KomOiHayisi MOMONCHO

oopienioe nynto 6 inmepsani (a;0): oy +arY, +...+ amYm =0 minoku
Yy eunaoxky, kom o4 =0y =..=ay =0, mo @yuxyii (4.1.5)
Hazusaiomovcs.  JiHIUHO-He3anexnchumu ¢ inmepsani  (a;b). B

npomunedxcHomy 6unaoky @yukyii (4.1.5) Hazusaiomvcs JIHIUHO-
3A71eHCHUMU.

JIBi QyHKIIT Y, 1 Y, miHilHO-He3anexHI B iHTepBaui (a;b), skmio N, const

Y2
(TOoTOXHBO HE AOPiBHIOE) (& < X <D).

[Mpuxnang 1. OyHxwii Yy; = e*, yo = e niniliHO-He3aNeKHI B OyIb-IKOMY
intepani. JlificHo, cmiBBigHOmeHHs oqe* +a,e X =0, B AxoMy Xoua 6 OgHO 3
4yuceNn aq,0» BIAMIHHI BiJl HYJs, MOKE€ BUKOHYBATHCh HE OIbILIE YUM IPH OJHOMY

3HaYEeHH] X:
X
e .
y1_ —= e2X 40 (TOTOXKHBO HE JOPIBHIOE HYJIIO)
Yo e

1 . .
[Ipuknang 2. OyHkmii Y = eX, Yo = Eex JHIAHO-3aJIeKHI B OyIb-SIKOMY
1HTEepBaI
y1—2y250 pu Ollzl, a2:2
Teopema: Axkwo ¢pynukuii (4.1.5) € ainiitno-3anexicuni, mo KOHcHa 3 HUX € TIHIUHOIO

KoMoOinauiero pewimu ynkuyiil.
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Osnauennss. Cykynuicmve N po3e’askie Yi,Y2,..,Yn OOHOPIOHO20 JNiHIUHO2O
pisuannua  L(y)=0, ainitino-nesanexcnux 6 inmmepsani  (a;b),
HA3UBAEMBCSL  (PYHOAMEHMANbLHOW CUCMEMOI) PO38°A3KI8  Yb02o
pisHanns 6 inmepsani (a;0b) (6aszuc nmpoctopy!!!)

ChopmynmroemMo 03HAKy JIHIHHOI HE3QJIEKHOCTI N YaCTHHHUX PO3B’S3KIB

OJTHOPITHOTO PIBHSHHS N -TO MOPSIIKY.

BBegemo 10 posrisgy BHU3HAYHWK, SKHM CKJIQMA€ThCS 3 JAHUX YaCTHHHUX

PO3B’SI3KIB Ta iX MOXIMHUX 10 MOPSIAKY N —1 BKIIOYHO:

Y1 Y2 -« Yn

W (x) = (4.1.6)

y1(n—l) ygn—l) ygn—l)

[le#fi BHU3HAYHMK HA3UBAETHCS BU3HAYHUKOM BpoOHCBKOro po3B’s3KiB
Y1, Y2, Yn (BpoHChKiaH) [Bponckkuit I'bone 103ed Mapist 1776-1853- monbchbkuii

MaTeMaTHK, MEXaHiK].
Teopema: /lna mozo, w06 po3e'szku (4.1.5) oyau niniitno nesanesxcni ¢ (a;b),

moomo 6 inmepeani HenepepeHocmi KoeghiyicHmie piBHAHHA
L(y) =0, neooxiono i docmamnsvo, oo \ (X) ne nepemeoprosascs

Ha Hyab 6 Hcoonin mouyi 3 (a;D).

Mae wicue Taka dopmyrna Octporpanacekoro - JliyBums (Octporpaacbkuit

Muxaiino BacunsoBud (1801-1862), Jliyeimis XKosed (1809-1882)):
)j( p(x)dx
W (X) =W (Xg)e™ (4.1.7)

3 ¢popMynH BUILIUBAE:
1) SAxmo W (X) mepeTBOproeThCs Ha HYJb B OJIHIH ToUIli Xq 3 iHTepBaiy (@;b), To Bin
JIOPIBHIOE HYJIIO ¥ BCIX TOYKAX I[bOTO 1HTEPBATY.
2) Slxmo W (X) mepeTBOpIOEThCS Ha HYJIb B OJIHIH TOUII IIbOTO iHTEpBANLY Xg € (a;0),
TO BIH BIJIMIHHHMM B HYJISl Y BCIX TOUKaX LIbOTO IHTEPBAIY.

Takum uuHOM, I8 TOro, MmOO N  po3B’szkiB  (4.1.5) yTBOprOBaIM
dbyHIamMeHTanbpHy cucteMy po3B’s3kiB piBHsHHA L(y)=0 B inTepBami (a;b),

JOCTaTHBO, 100 iX BU3HAYHUK BpoHCBHKOTO OyB BIAMIHHUN BiJ HYJISI B OJHIN TOYII
Xo € (a;b).
3okpema po3B's3ku (4.1.5) 3 mOYaTKOBUMH YMOBaMHU
n-1 n-1
y1(X0) =0,... YD (0) =0,..., vy, (X0) =0,y (Xg) = 0,..., y"V (x0) =0
YTBOPIOIOTh (PyHIaMEHTaJIbHY CUCTEMY PO3B’si3KiB. Taka pyHIaMeHTalbHa cUCTEMa
HA3WBAETHLCS HOPMOBAHOIO.

Hpuxman. Y -2y +y =0 mae pos3s's3ku y; =€%, y, = xe*
X xe”
W (x) = , W(0)=1=0
eX X +xe”
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TakuM 4YMHOM, pO3B'SI3KH Yp, Yo YTBOPIOIOTh (YHIAMEHTAIbHY CHCTEMY
PO3B’SI3KiB B (—00;+ 0) .
Mae Miciie Teopema (0€3 T10BEICHHS)
Teopema. Akuio ynkuii y,,Y,..., Yy ymeoprowms )ynoamenmanvHy cucmemy
PO38’°A3Ki6 00HOPIOHO020 NiHIIHO020 pieHanHaA N-20 nopaoky L(y)=0 ¢
inmepeani (a;b), mo pynkuin

m
y = 2.CkYk
k=1
€ 3a2a/1bHUM PO38°A3KOM UbO20 PIGHAHHAL.
dyHgamMeHTanbHa CHCTEMa PO3B’SI3KOM € 0a3ucoM N -BUMIPHOTO JIIHIKHOTO

npoctopy po3B’si3kiB piBHsHHES L(Y) =0.

[Ipukmian 1. Po3rasiHeMo piBHSHHS
y"—y=0 (4.1.7a)

e  piBHAHHA Mac (yHIaMEHTANbHY CHCTEMy pO3B’S3KiB Y =€, y, =xe

(—o0; + ), TOMY
y =Cie* +Cye ™" =0 - saranpuuii po3s’s30K
[puknan 2. Hexalt 3a1aHO pIBHSHHS
y'=2y'+y=0
@yH/1aMEHTaJIbHA CUCTEMA PO3B’SI3KIB Yq = e*, Yo = xeX.
3aranpHuii po3s’a30k Y =e”(Cq +CyX).
[Tpuknaz 3. 3HaiiTH 3aragbHUN PO3B’ 30K PIBHIHHS

y”_y:O

Y1 =COSX, Yo =SiN X - € pO3B’I3KOM PIBHSIHHS
COSX sSinx 2 .o

W(x)=| . =C0S“ X+sin“x=1=0
—sinXx CoSX

Otxe, Yp, Yo - YTBOPIOIOTH QyHAAMEHTAIBHY CUCTEMY PO3B’s3KiB. ToMy 3aranbHui

PO3B’SI3KOM € pO3B’ 130K
y =C,cosx +C,sin x

4.4 CTpyKTypa 3arajibHOr0 po3B'si3Ky HEOJTHOPIAHOT 0 JiHIHHOT0 PiBHSAHHS
Teopema: 3azanvHuil po3e’a30K HEOOHOPIOHO20 NIHINUHO20 DPIGHAHHA OOPIGHIOE

CyMi AKO20-HeOYOb YACMUHHO20 D038 A3KY Ub020 PIGHAHHA i 3A2A1bHO20
P038"A3KY 8i0n08I0H020 00HOPIOHO20 PIGHAHHA

JloBeneHHs.
Jano: L(y) =y™ + p )y + .+ prg (Y + pa(X)y = F(X) (4.4.1)
Hexait Yy =Yj(X) nmeskuil YacTMHHUI pPO3B’SI30K I[LOTO PIBHSHHSA, TOOTO
L(y1(x)) = f(x) (a<x<h) (4.4.2)
[Moknanemo Yy =Yy; + 2 (4.4.3)

ne Z - nesxa ¢yHskis Big X. Toxai piBasHHS (4.4.1) HabGepe BUTIISITY
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L(y1 +2) = f(x) abo L(y,)+L(z)= f(x),
3BIAKH B CHITy TOTOXHOCTI (4.4.2) ogepxyeMo
L(z)=0 (4.4.4)
PiBusauas (4.4.4) Ha3uBaeThCcs JNHIMHUM OJHOPIAHUM  DPIBHSHHSM, IO
BIJIMOB1a€ HEOJHOPITHOMY piBHAHHIO (4.4.1).
Hexait  7y(X),z5(X),...,z,(X) (@<Xx<b) € QynnameHTanbHO CHCTEMOIO

po3B’s3KiB  ofHOpimHOTO piBHSAHHS (4.4.4). Tomi BCi pO3B'SI3KM IIHOTO PIBHSHHS
MICTSITBCS B pOPMYJI1 HOTO 3araibHOTO PIBHSIHHS:

n
= ZCk Zk (445)
k=1
[Tincrapmistoun 1ie 3HaueHH Z Y popmyiny (4.4.3), oiepKUMO
n
Y=Y+ >, Crzk (4.4.6)
k=1

s popMyia MICTUTH BC1 pO3B'SI3KM HEOAHOPIAHOTO JIIHIMHOTO piBHSAHHSA (4.4.1).
3arajJbHUN po3B’ 30K (4.4.6) mo3Bossie po3B’sizyBatu 3anady Kormrl 3 Oyab-sKUMH
1)

' (n— . . . .
IMOYaTKOBMMHU YMOBaMHU XO’yO’YO'---'yo 3 BIAIIOB1AHO1 O6J'IaCTl 34 PaxyHOK

BHOOPY BIJMOBIIHUX 3HAYEHb JOBIIHUX CTaJIUX.
[Mpuknana. Po3riastHeMo piBHAHHS Y — Y = —X.

3a YaCTUHHUU PO3B’A30K MOYKHA B3ATH Y; = X
BianoigHe ogHOpiIHE PIBHSIHHS
2"-2=0
Mae 3aranbHuil po3B 3ok Z = Cie* + Cyoe™ (nus. (4.1.17a)).
Takum yuHOM, 3araJIbHUM PO3B’A30K HEOTHOPITHOTO PIBHIAHHS Oye
y=x+Ce* +Cre™*

4.5 IlpuHIMI HAKJIATAHHSA

Teopema. HAxwo 6 pienanni (4.4.1) npaea uacmuna mae 6u2na0
f(x) = f,(X) + f5(X) i 6idomo, wo Y, € wacmunnuii po3e’a30K pieHAHHSA

L(y) = f2(x),
Mo cyMa Yux YacmMuHHUX P0O36°A3Ki6 Y1 + Yo € UACMUHHUM PO368’°AZKOM
pisnanna (4.4.1).
JloBeneHHs

Maewmo: L(y;) = f1(X), L(yp) = f2(x) =
L(ys +¥2) = L(yp) + L(Y2) = Fo(0) + f2 () = f (%),

TOOTO
L(yy +Y2) = f(X),
a 11e 03Hayae, Mo Y, + Y, € YaCTUHHUMU PO3B’SI3KOM piBHSIHHSA (4.4.1).
puknazg. Y +y=2e*+1

Tt piBusiaas Y + Y = 2e* (1) i piBusuns Y + Yy =1 (2) 1erko 3HalTH YaCTHHHI
PO3B’SI3KU:
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Js (1): yy=e*, mma y'+y=1: y, =1. Tomy €* +1 € yacTHHHEM PO3B’SI3KOM
BUXIJIHOTO PIBHSIHHSL. SIK B1IOMO 3arajbHUN PO3B’SI30K OJTHOPIAHOTO PIBHSIHHS
z2"—2=0
mae Bursn Z = Cy cos X+ C, Sin X (auB. mpukit. 3, m.3).
OTK€, 3arajJbHUI PO3B’SI30K BUXITHOTO PIBHSHHS Ma€ BUTJIIS;

y=e"+1+C,cosx+C,sinx
9acT. po3B. 3ar. po3B. BiIOB. OJHOP. PIiBH.
4.6 Meron Bapiauii 10BUIbHOI cTan0i. MeToxa Jlarpan:ka
(7151 BUMAZIKY PIBHSHHS 2™ MOPSIKY)

Hexaii 3a1an0 HEOAHOPIIHE JiHIMHE PIBHAHHS 2™ MOPSAKY

L(y)=y"+p()y'+g(x)y = F(x), (4.6.1)
ne p(x),g(x), f(X) - vemepepsHi B inTepBami (a;b)
L(z)=z"+ p(X)2'+g(x)y=0 - (4.6.2)

BIITIOBITHE OJTHOPIIHE PIBHSHHS.
Hexaii 71,7, - pyHaameHTallbHa CUCTEMA PO3B’sI3KiB piBHIHHS (4.6.2), TaK 1110

L(Zl) = 0, L(Zz) = 0, (463)
27 1
i w=[1 20 (4.6.4)
5]
2=C1(X)71 +C2(x)22, (4.6.5)

e Cq(x), Co(X) - mesixi ¢yHKmii Bix X, siki mOTpiOHO Bu3HAunTH. [lizcraBisroun
(4.6.5) y (4.6.1) onepkuMO yMOBY, SIKY IIOBHHH1 32/I0BOJIbHUTH JIB1 HEBioM1 (DYHKITIT
C,(x), Co(x):
L(C1(X)z; +C5(X)25) = f(X) (4.6.6)
y' = Cy(x)7] +Co(x)25 + C{(X)z + CH(X)2,
[Ilo6 B piBHAHHA (4.6.6) HEe BXOAWIM TOXimHI apyroro mopsaky Bim Cq(X) Ta
C, (X) nokmagemo

Ci(x)zy +C5(x)z, =0 (4.6.7)
Toni y'=C1(X)z1 +Cy(X)25 (4.6.8)
y"=Ci(x)z +C5(x)25 +Cr(X)2f +Cy(x)25 (4.6.9)

[MizcraBumo Y,Yy',y" 3 popmyi (4.6.5), (4.6.7), (4.6.8) B piBusHHs (4.6.1).

Onepxumo:
=0

CL(OL(27) +Co(L(z0) + CL(0 2 +Ch ()25 = f (¥)
Tyt, Buxonsuu 3 (4.6.3) mepini aBa AOJAaHKH JOPIBHIOIOTH HYJIIO 1 MAaTUMEMO
C{(x)z1 +C5(x)z5 = f(X) . Toni, BpaxoBytouu (4.6.7), 0ICPKYEMO CUCTEMY

C,(x)z, +C,(X)z, =0
C,(x)z, +C,(x)z, = f(x)

[{s cucrema B cuny (4.6.4) Mae equHMI PO3B’SA30K:
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Ci(X) =@1(x), Co(X) =¢o(X) (MoxHa 3HaiTH 32 popmynamu Kpamepa)
Ockinbku 24, 25,21, Z5 - HenepepBHi B (&;b) 10 1 ¢1(X), @5 (X) HEemepepsHi B (a;b),
a, OTKe,
C1(x) =1 (x)dx+Cy, Co(x) = [ (X)dx+Co,
ne Cq, C, - 1OBUIBHI CTaMI.

[MincraBnsiroun oxeprkani 3HaueHHs QyHkuii Cq(x), Co(X) B dopmymny (4.6.5),
OJICPKYEMO
y =2 [ @1 (X)dX +2, [ o (X)dX +Cy29 + Cp 2, (4.6.10)
[Moxnmanatoun tyT C; =C, =0, oiep>kUMo 4aCTUHHUI PO3B’ 30K

V1= 21 1 (X)dx +2; [ 02 (X)x
Takum ynHOM hopmyiy (4.6.10) MOKHA 3anMcaTH Y BUTJISIL
y=y1+C1z3 +Cy2,,
Otxe, hopmyina (4.6.10) nae 3aranbHUN PO3B’ 30K BUX1IHOTO PIBHSHHS.
VY BUmajKy piBHSAHHS N- o MOPSAAKY BCl MipKyBaHHS aHajoriyHi. [Ipuxoaumo B
[IOMY BUMAAKY /10 CUCTEMH N piBHAHB 3 HeBigomuM Cq, C»,...,C,,.

[Tpuknaz. Po3risiHeMo piBHSHHS

r/+4 —
y y COS 2X

c052x¢0:>2x¢£+7zk :>x¢£+£k
2 4 2

—£+ﬂkS2XS£+ﬂk = —£+%k§x§%+%k =

4
—(k——j<x<—(k+—j
2 2 2 2

T 1\ n 1 . . :
Xe| = k—E > k+= || - obsacTh HEMepepBHOCTI MPaBOI YACTHHH BHXIJTHOTO

piBHsHHSA, 1¢ K € Z .
BianosizHe oAHOPIAHE PIBHSHHS MA€ BUTIISIA:
2"+4z=0
1€ PIBHSAHHS Ma€ (PyHIaMEHTaIbHy CUCTEMY PO3B’SI3KIB
Z; = C0S2X, Z, =Sin 2X
3aranbHUMN PO3B 30K 1BOTO piBHAHHS Oyne Z = C; cos2x + C, sin 2X.

3aranbHui PO3B’ 30K BUX1IHOTO PIBHAHHS OyA€MO IIYyKaTH y BUTJISI1
y =C;(x)cos2x + C, (x)sin 2x
C{(x)cos2x+C5(x)sin2x=0

<
C{(X)(—2sin2x) + C5(x)(2cos 2x) =
COS 2X
sin2x 1
< C(X)=————, Co(X)== =
100 2C0S2X 2(9) 2

= Cy(X) :%In\cost\ +Cy; Cy(x) :%x +C,
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[TincraBnsitoun 3Haiaeni s3HaueHHss Cq(X), C,(X), omepxumo:

y= 1costIn\coststin 2x +Cq c0s2x + C, sin 2x
4 2

4.7 InTerpyBaHHsl OTHOPITHOIO JIiHITHOTO PiBHAHHSA N - I'0 NOPSAKY 3 CTATHMH
koeginieaTamu (Merox Eisiepa)

PosrnsneMo niHiliHE pIBHSIHHS N - TO TOPSAKY

L) =y + p )Y 4t pra (Y + P ()Y = F(X) (47.2)
skmo yucna Pj(X) = a;, ae a; - AilicHi yucina, To
Ly =y +ay"™ + a0y ray = (%) (4.7.2)
niniliHe HEOXHOPIIHE PIBHAHHA N- rO MOPAAKY i3 cTaaMMM KoedimieHtamu. Moro
PO3B’sI3aHHS 3BOJUTHCS JI0 PO3B’SI3aHHS BiIIOBITHOTO OTHOPIAHOTO PIBHSHHS:
L(y)=y™ +ay" 4 +a, ,(X)y +a,y=0 (4.7.3)
Eittep 1oBiB, 1m0 I [BOTO PIBHIHHSA 3aBXIM MOXKHAa TOOyIyBaTH
dyHIaMEHTaJIbHY CHCTEMY PO3B’S3KiB, IO CKIAJAETHCSA 3 CIIEMEHTapHUX (DYHKIIIMH,

OTKeE, 1€ PIBHSHHSA 3aBXK/IH IHTETPYETHCS Y €JIEMEHTApHUX (QYHKITISIX.
PosrisitHeMo BUNIaAOK piBHSHHS 2™ MOPSIAKY.

L(y)=Yy"+py'+ay =0, (4.7.4)
ne P,q- aidcHi yucha.
3a Eitnepom OyieMo 1ykaTH po3B’si30K Yy BUTJISL

y=e™, (4.7.5)
e A - 4Kclio, 10 MiJIArae BU3HaAYCHHIO (JificHe abo komIuiekcHe). DyHkiis (4.7.5)
MOBMHHA NEPEeTBOPIOBaTH (4.7.4) y TOTOXKHICTH, TOOTO

LEe™)=0 (4.7.6)
3ayBa)Kumo, 1110 (e/ix)(k) = ke, (4.7.7)
TO/II
L(e™) = A% + p’wk +qe™ =0, (4.7.8)
a6o Le™)=P(1)e™, ne

P(A)=A%+ pil+q
3 dopmynu (4.7.8) BUILITMBAE, IO TOTOXKHICTH (4.7.6) Oy/ie BUKOHYBATHUCh, SIKILO
A - € KOpEeHEM PIBHSHHS
2+ pi+q=0 (4.7.9)
[le piBHSHHS HA3MBAETHCS XAPAKTEPUCTUYHUM pIBHSIHHSIM, a HOTO KOpEeHl —

XapaKTEPUCTUUYHUMHU YUCITaMHU.
XapakTepucTUYHE PIBHSHHSA MOXXHA CKJIACTH MO JaHOMY JIu(epeHIialbHOMY

piBHSAHHAX 3MiHIOIOUK Y, Y, Y Ha /12,2,1 BIJITIOBIHO.

Crpykrypa (pyHIaMEeHTaIbHOT CUCTEMH PO3B’SA3KIB 3aJICKUTH BiJl BUAY KOPEHIB
XapaKTePUCTUYHOTO PIBHSHHS. PO3rIsiTHEMO BUMAIKHU:

74



a) KopeHi pi3Hi i giiicHi.
[Toznaunmo ix uepes A, Ay, 4 # Ap. Toal ogepKumo 1Ba YaCTUHHUX PO3B'S3KU
audepeHuiaabHoro piBHAHHSA (4.7.4).

Y = e Yy = pteX (4.7.10)
L1i po3B's13ku JTIHIAHO HE3aJEXKH1, OCKIITBKU
ApX
Yo _€ 7 _ elle=4) 2 const, a oTxke
y1 eh
AX AoX
w=|® | = apetXetX — ettt —etarx (2, — 1) 20

Ae™X e’
Tonai wacTuHHI PO3B’SI3KU YTBOPIOIOTH (PyHIaMEHTaIbHY CHCTEMY PO3B’SI3KIB, a
OTXKe, 3arajbHUI po3B’s30K piBHAHHSA (4.7.4) Oyne

y = Cie™* + C, e

[Mpuxnan 1.
y"—y=0
2 -1=0
M=-1 2y =1
Omxe Yy =€ 1y, =e* = y=Ce * +C,e*
[Ipuknan 2.
y'=2y=0
22 -2y=0 2x 2x
y1 =1y, =" =y=C; +Coe
AA—2)=0 1 2 )
A =0, Ay =2
[Ipuxnan 3.
yl!!_zyl!_y!+2y:0
B-222-2+2=0 y =e Xy, =eX ys =e*

A2 =) =222 -1)=0 y=Cre X +C,re* +Cae?¥
M=-12=123=2

B) KopeHi xapakTepucTUYHOro piBHSHHS PiBHI, KOMIUIEKCHI. OCKUIBKU KOE(ILIEHTH
LbOTO PIBHSHHS JIIACHI, TO KOPEHI KOMIUIEKCHI — KOMIUIEKCHO - CIIPSIKEHI:

M =a+ibi, =a-ib
[MincraBnsitoun Ay =a+ib B (4.7.5) , onepkxuMo KOMIUIEKCHUI PO3B’SI30K
y= p(a+ib)x (4.7.11)

ela+ib)x _ =e®(cosbx +isinbx), Tomy po3’s30k (4.7.11) MoXKHA 3amUCcaTH

eaxeibx
TakK:
y =e® cosbx + ie® sin bx (4.7.12)

Binginsioun y KoMmIieKCHOMY po3B'sizky (4.7.12) pgiiicHy Ta ysiBHY 4YacTHHH
OJEPKUMO
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y; = e™ cosbx, y, =e® sin bx (4.7.13)
[li po3B's3ku  yTBOPIOIOTH  (yHIAMEHTAJIbHY  CHCTEMY  PO3B’SI3KIB

ﬁ=1:ng;«f&C0nSt. AHanTHYHO, CHPSHKEHOMY KOpeHIo A, =a—IibBiamnoBizae nsa
Y2
TIUCHUX JHIHHO — HE3aJeKHUX YACTHHHHX PO3B'SI3KH, SKI  YTBOPIOIOTH

dbyHIaMeHTalbHy CHCTEMY PO3B’s3KiB piBHSAHHS (4.7.4). Tomy
y = C,e™ cosbx + C,e® sin bx
abo
y =e®(C, cosbx + C, sin bx) - € 3araneHEM poO3B’S3KOM.
SIxmio xopeHi 411 Ay - ysBHI, T00TO A1 5 = +ib (b # 0), To iM BiAITOBIIHO JIHIHHO
He3aJIe)KH1 YaCTUHHI PO3B'SI3KHU:
y1 = cosbx, y, =sin bx(pynmamenransua cucrema).

Toni 3aranbHu po3B’ 30K
y, = C; coshx + C, sin bx

IMpuxnan 1.
y'+y'+y=0
22 +1=1=0

2
ﬂz+ﬂ+%+1—%202>(ﬂ, 1) :—§Z>/I+1:i\/§' N 1 \/§

X
Tomy y; =€ 2c0373x, yo =€ 2sin73x,

X
y=e 2 Clcosﬁx+czsin£x
2 2

Ilpuknan 2.

y"+4y"+6y +4y=0

A2 +422 +64+4=0

//i’l = —2,1,2 =-1+ i,/13 =—1-i

=22y = Jy3=-1+i=y, =e *cosxy, =e *sinx
3aranbHUM PO3B’SI30K: Y = Cle—2x +Ce X cosx +Cqe " sin x =

— y=Ce ¥ +Cre X cos X + Cze ¥ sin x
3 ¢dopMynu 3arajJbHOr0 PO3B'SI3KY BUJIHO, IIO BC1 PO3B'SI3KM OOMEXEHI MpH

X —> o1 BCi HYJIbOBI1 PO3B'SI3KH MaroTh TaKy BJIACTHUBICTb:
y—>0,y >0y >0 npu x > +o

(pynxkIii COSX 1 SINX- oOMexeHi).

Ay

\ y =gk

\—2(
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[Mpuknan 3.

y"+y"+y +y=0 eX — cos X +isinx
B2 i1+1=0 e ™ —cosx —isinx
/12(/1+1)+;t+1:0 Yo =COSX, y3 =sinx

(1+1) (A2 +1) =0
A=-1 A=-1

A=Hi

yp=e% y,=e™, ys=e*
y =Cie " +C,cosx+Cgsin x

iX

ITpuknan4.
yIV +4y =0
A +4=0

Mo =—1%i, Ay =—1%i
CDYHI[aMCHTEUILHa CUCTCEMA Ma€ BUTIIAN:
y; =e*cosx, y, =e*sinx
y3 =€ XCosX, y, =€ *sinx

y =e X(Cycosx +C,sin x) +e*(C5cos x + Cy4 sin X)
c) KopeHi xapakTepucTUIHOTO PiBHSHHS — KpaTHi, JIHCHI

Hexaii 4y - pmilichuii kopiab KpaTHOCTiK. Toxmi piBHSHHA Ma€ YacCTUHHHUN

X .
PO3B’SI30K Y1 = oM j e K —1po3B’s3KiB, IO OJEPKYIOTHCS 3 JAHOTO YaCTHHHOTO
pPO3B'I3Ky MHOKEHHSIM Ha IMOCHIIJOBHI CTEMEeHI X, Tak IO KopeHio A Oyze

BianoBiAaTH K - MIHCHUX JIIHIHHO — HE3AJIC)KHUX YACTHHHHUX PO3B’S3KIB :
eMX xehX, x2eMX . xKTlehX

3arajibHUI pO3B’A30K
y =eM(Cy +CyX +Cax? +...+ CxK 1)

[Ipuknan.
y"—3y"+3y'—-y=0
AB-322+31-1=0
(2B -1)+31(1-1)=0
(A-1)+ (1% +1+1-32)=0

(A-1%=0
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M=y =2g=1

X X 2.X
y]_:e ,yzzxe ,y3=X e

y =Cie* +Coxe* +Cax%eX =e*(Cy +Cpx + Cgx?)

n) KopeHi xapakKTepuCTHYHOTO PIBHSIHHS — KPaTHI, KOMILUICKCHI.
Hexait 4, =a+ib - xopinbs kpaTHOCTI K, TO/I pIBHSHHS Ma€ CIPSHKCHUN KOPiHb
/12 =a-ib
TaKoi ) KpatHocTi K .
[lum crpspkeHHM KOpeHsM BinmoBimae 2K milicHMX JHIHHO — HE3aJIeKHUX
YACTUHHUX PO3B'A3KY BHILY

e cosbx, xe®™ cosbx, ..., x Te® cosbx,

e sinbx, xe® sinbx,.... x* e sinbx.

SAxmo a =0, To i po3B'sI3kH, HAOUPAIOTh OLIBII TPOCTHI BUTIIS

k-1

coshx, xcosbx,...,x" coshx,

sinbx, xsinbx,..., xk_lsin bx.

[Mpukmna.
yV) 4y ay" 18y +8y' +4y =0
A +423 4822 +81+4=0
(2 +24+2)°=0
Mo =-1+i, 254 =-1-1.

yp =€ X cosX, y, =e* cosx
- YTBOPIOIOTH  (yHAAMEHTaIbHYy  CHCTEMY
y3 =€ *sinx, y, = xe*sinx
PO3B’SI3KIB.

y = e *[(C; + C,x)cos X + (C3 + Cyx)sin x]
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[Tpuxnan:

y"Y +4y" +8y"+8y' +4y =0

A +42 +817 +81+4=0

(2 +22+2f =0

A, =—1+i; A, =-1-i

y, =€7%cosX; Y, =Xe " COSX;

y,=e*sinx; Yy, =Xe *COSX;

y =e*[(C, +C,x)cos x +(C, + C,x)sin x]

4.8 Po3p’sizyBaHHsl JiHiHlHO-HeOqHOPiAHMX AudepeHUiaJIbHUX PiBHAHbL i3

CTAIUMHM Koe(imieHTaMM 1 cCHeHiaJbHOK TMPaBOK YACTHHOKW (MeTox

HEeBU3HAYEHHUX KoedilicHTIB)

O3Ha4veHHsA:
Pisnanus euoy
Y+ py' +qy=f(x), (4.8.1)
Oe P i  — cmani, HA3UBAEMbCSL NTHIUHUM HEOOHOPIOHUM OUpepeHyialbHUM DIGHAHHAM
1l nopsoky i3 cmanumu xoegiyienmamu.
Sk B11OMO, 3arajbHUI PO3B’A30K LILOTO PIBHSHHS SBJISIE COOOI0 CyMy 3arajibHOro
pPO3B’SA3KYy BIAMOBIHOTO OJIHOPIHOTO PIBHSHHSA Ta YaCTUHHOTO PO3B’SI3KY

HEOHOpiAHOTO piBHIHHSA 4.8.1

y=Y1+<2
B 3aranbHOMY BUTNIQAKy YACTUHHUHN PO3B’SI30K HEOJHOPITHOTO PIBHSIHHS 3HANUTH
JIOCUTh CKJIAJIHO, MPOTE, B JCSIKUX BUMAJKAX, KOJU MpaBa yacTuHa piBHSHHA 4.8.1
Ma€e choemiajdbHy CTPYKTYpy, WOrO YacTMHHHMI pO3B’SI30K MOXXHaA 3HAWTH 0e€3
IHTErpyBaHHI.
PesynbraTy, momo CTpyKTypyu YaCTUHHOTO PO3B’sI3Ky nudepeHiianbHi piBHSIHHS
4.8.1 y Bunajkax crnemiajbHOi CTPYKTYpH MOTro mpaBoi yacTUHU f(X) MOXKHA 3BECTH

y TaOJMITIO.
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Burnsag npaBoi yactuHu

YMoBHU

YacTuHHUN pO3B'A30K

1.
f (x) = P,(x)e"*, ne

k — He € KopeHeM
XapaKTePUCTHYH

OT0 PIBHSHHS

kx
Y. =T,(X)e", T (x) — muOrOUNCH
N-20 CTEIEHS 3 HEBIOMUMM

KoedilieHTaMu

k =k, =k, y, = XT (x)e
P,(X) — MHOTOYJIEH N-20
= X'T, (x)e"
crerneHHs, K=const 2 (X)
k=k =k, =...=kj I' — 9HCII0 KOPEHIB
XapaKTePUCTHYHOTO PiBHSHHS
a*iff —HEE€
KOpEHEM _
y, =e*(Csin fx+Dcosfx), C, D —
XapaKTePUCTHIH
_ HEB1J1I0M1 KoeilieHTH
OTr0 PIBHSHHS
2.
=k, =K,
f (x) = e™(Asin Sx+Bcos AX) :

a*iff — KOpIHb
XapaKTepUCTUYH y, = xe”(Csin fx+ Dcos /)

Oro pIBHSIHHS
atif=k =k, =..gk vy, =x"e*(Csing+Dcos/X)

y, = X' e”(Q,(x)sin Sx +
+ L, (x)cos px)
S = max{n, m}
3. _ I' — YUCJIO KOPEHIB
atif

f (x) = e™(P,(x)sin 8 + P, (x)cos

XapaKTEPUCTHYHOTO PIBHSHHS, 10
=azxif
Q,,L, — MHOTOWICHH, 5IKi

HiI[J'I}IFaIOTB BHU3HAYCHHIO.

[Tpuknanu.

3HaNTH pO3B’SI30K PIBHIHHS:

1. y”_ y — Xer
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k?-1=0
(k-1)k+1)=0
k=1 k=-1
z, =€, z,=¢"

z=Ce"+Ce”

f(x)=xe®* — pO3IIIsIIa€EMO TIPaBY YaCTUHY.

Yucno k=2, He € KOpeHEM XapaKTePUCTUIHOTO PIBHIHHS, TOJI YACTUHHHUN PO3B’SI30K

HEOHOPITHOTO PIBHSHHS IITYKAEMO Y BUTJISII:

¥,(x) = (Ax+ BJe™

y'(x)= Ae®™(Ax+B)2e™ =e”(A+2Ax+2B)=e"(2A+ A+2B)

y"(x)=2e*(2A+ A+2B)+C*(2A) = e*(4A+ 4A+4B)

e”(4Ax+4A+4B)—e”(Ax+B) = xe**

AAX+4A+4B— AX—B = X

3AX+4A+3B =X

3A=1, Azg'
=
4A+3B =0; 4

3HaNTH 3araJiIbHU PO3B’A30K PIBHSHHSA:

2. y'—y=xe

JIJist bOTO TIPUKJIAAY 3arajbHUN PO3B’S30K BIAMOBIIHOTO OJHOPIAHOTO PIBHSHHS
2" —2z =0 3HANJEHO y NoNepeHbOMY NpUKIanl z=Ce*+C.e™".

Kopeni xapakrepuctuunoro piBHsHHA k=1 i k=-1. B namomy Bumaaky k=1 €
KOPEHEM XapaKTePUCTUYHOTO PIBHSIHHS KpaTHOCTI 1, TOMy YaCTHHHUN PO3B’ 30K

JIAHOTO PiBHSAHHS Ma€ BUIIIS:
V,(x)=x(Ax+B)e* = (A, +B, ’
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”

y, =(2Ax+B+Ax>+Bxe* = (AX? + (2A+ B)x+ BJ"
y, =[Ax?+(4A+B)x+2A+2Bf"
|2 +(4A+B)x+2A+2B " —(AX? + Bx* = xe*

AAX+2A+2B =X

[

4A=1 A=
=
A+B=0 1

y= x(%x—%}rclex +Ce™

4.9. Pipusinnsa Eiisepa
YacTUHHUM BUINAJKOM JIHIHHOrO JHU(PEpEeHLIATTBHOTO PIBHAHHS 13 3MIHHUMHU
Koe(illeHTaMu € pIBHSIHHS BULY:

(ax+b)'y™ +a _ (ax+b) 7 y" P t+a (ax+b)"?y" P+ . +a(ax+b)y +a,y = f(x), (4.9.1)

ne &;, a, b — gidicHi yncna, f(X) — QyHKIiS He3aIeKHOT 3MIHHOT X.

JlaHe piBHSHHS Ha3WBaeThCs piBHAHHAM Eitnepa, skmo a=I, b=0, To piBHsSHHSI
Elinepa nabepe BUTISIAY:

X"y ra  x"y Vg x"2y( DL paxy' +ayy = f(X) (4.9.2)
SIkmo BBECTH 3aMiHy HE3aJIeKHOT 3MIHHOI 3a ¢opMmynow ax+b=e' (4.9.3) mus
Bumanky (4.9.1) abo x=e' (4.9.4) nna Bumanky (4.9.2), o 3 (4.9.3) marumemo
t=In(ax+b),a3(4.9.4) - t=Inx.

B upomy Bumanky piBHsHHS Elnepa TakuM YMHOM 3BEACTHCS JIO JIHINHOTO

PIBHSIHHS 13 CTAJTUMU KOe(DIillIEHTaAMH.

’:ﬂ:ﬂﬂz 1 aﬂ:ae_tﬂ,
dx dtdx ax+b dt dt
2
y" — i{ﬂ} — i(aet ﬂj — _ae’t gﬂ_k ae’t d_Zﬂ —
dx| dx | dy dt dx dt dt® dx
495
— _get a thae’t d’y a :—aze’”ﬂ+a2e’2‘ d’y — 5% d_zy_y ( )
ax+b dt dt? ax+b dt dt? dt? dt )
3 2
y" =a’%™ d—Z—Bd—Z+2ﬂ .
dt dt dt

[lincraBnsitoun  oxaepkani  Bupasu (4.9.5) y (4.9.1) oxaepxumo JiHINHE

nudepeHItiagbHe PIBHSHHSA 13 CTAIUMHU KoeilieHTamMu.
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[Tpuknan:
X’y"+5xy’+3y =0
PiBusinus Ednepa tumy (4.9.2). [lincranoBka: x =e' 3a popmynoro (4.9.4). Ha ocHOBI

(4.9.5) npu a=1 maTuMeEMo:

_ dy
I:et_
"
[ d?y dy
n:e 2t haliP A
d [dt2 dt]
2
et 2| ¢ Z—ﬂ +5e‘e“ﬂ+3y:0
dt® dt dt
2
0y & 5B 359
dt= dt dt

2
?jtzy - 4% +3y =0 — niHiltHe oHOpiAHE qudepeniiansHe piBHsAHHA [ mopsaky.

k? +4k +3=0 — XapaKTepUCTHYHE PIBHSIHHI.

=1

» =3
Vi = e
Yo = e
y=Ce'+Ce™; t=Inx

-1 =3l -1 -3
y=Ce " +Ce~"" = y=Cx +C)X

C, C

2
+—2.

y="*
X X
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Tema 5. Cucremu JiiHIiHUX T epeHNialbHUX PiBHIAHD I3 CTAJIMMHA
koedimieHTaMu
5.1 OcHOBHI TTOHATTS Ta O3HAYCHHSI.

5.2 3anaya Komri. Teopema icHyBaHHS Ta €IMHOCTI po3B’ 13Ky 3aaa4i Komii.

5.1. OcHOBHI MOHATTHA TA 03HAYECHHS
O3nauvennsi. HopManbHOIO cucTeMOI JuU(eEepeHIlIaIbHUX PIBHSIHb HA3UBAETHCS

CHUCTEMA BUAY:

d

d_)ilz f (X X))

dx,

L= f,(t, X, X,) (5.1.1)
dx

dtn = f,(t X, ;)

B cucrewmi (5.1.1) HeBigomMumu € N GyHKIIH X, (t), X, (t),..., X (t).

Oco06IMBOCTI HOPMAJILHOT CUCTEMHU:
1. Bci piBHSHHS NEPUIOTO MOPSIAKY.
2. Bci piBHSIHHA pO3B’s3H1 BITHOCHO MOXI1/THUX.
Aximo HOpMmanbHa cHUCTeMa pPIBHSHB JIiHIMHA, a KOE(IIIEHTH TPH HEBIIOMHUX

(yHKIIISX CTall, TO BOHA MA€ BUTJISI;

dx
d_tl =8 X tapX; .. +a, X, +¢1(t)

dx
d_tz = Ay X T ApX, +o+3,,X, +¢2(t)

dx
dtn =8, % +8,X, +...+a,X, +¢,(t)

MoskHa 3anucaTty 1y MaTpudHiil hopmi:

X 8 B, . 8y, (%) ()

i X2 _ Ay 8y e Ay | X N ?,(1)
dt N

Xn anl an2 r ann Xn ¢n (t)

abo %X =AX +® (5.1.3)
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SIkio MaTpuIs-CTOBHEIb @ CKIAAAETHCS 3 HYJbOBUX €JIEMEHTIB, TOOTO ¢ (t) =0 1is

Oyab-sIKuX i=1...N, TO CUCTEMa Ha3UBAETHCS OJHOPITHOO.
5.2. 3agaya Kowi. Teopema icHyBaHHsI Ta €AMHOCTI po3B’si3Ky 3aaa4i Komi

3anava Ko g HopManbHOI cUCTEMH (POPMYITIOETHCS TaK:

3a MaHMMM PIBHSHHSMU 1 MOYATKOBUMU 3HAYCHHSIMU Mo(to,xf,xg,.. xo) 3HAUTH

AT

PO3B’A30K CHCTEMM, SKUH 3aI0BOJBHAE OUYATKOBUM YMOBaM X, (t, )= x’,..., X, (t,) = x°

ey A n-

Teopema Komi: sikmio B cucremi (5.1.1) Bei dynkmii f,(t, X, X,,..., x,) HemepepBHi

A

pa3oM i3 CBOIMH YaCTMHHHMH MOXITHUMHU 1O X, B neskiit (N+1) BumipHiii obmacti D

(DcR,,), TO B LIili 00JIACTI ICHY€E €IMHUIN PO3B’SI30K

X =%(t)
X, =%, (t) (5.2.2)
Xy =%, (1)
AKUH 33JI0BOJIbHSIE IOYATKOBI YMOBU
Xl(to)zva---’xn(to)zxr? (5-2-3)

OueBHIHO, 3MiHIOIOYH B 00Js1acTi D ToUKy Mo(to, X, xg,...,xﬁ), 0JICP)KUMO HECKIHUCHHY

MHOKHHY PO3B’SI3KiB, 5Kl 3aJIC)KaTUMYTh BiJl JOBIIBHUX CTaTUX

x, = x(t,C,,C,,....C,),

X2 =X2(taC11C27""Cn)’ (524)

[li ¢ynkimii BU3HAYAIOTH 3arajJibHUIM po3B’si30K. MOXKHA OJHOYACHO 3HAWTH CTai

C,,G,,...,C, 13 cucTeMu

(5.2.5)

x.(t,,C,,C,,....C, ) = X°

PosrisinemMo miHiiiHy cucreMy (5.1.2), B AKkiii koedilieHTH 3MiHHI &, ; =a,;(t) .
Teopema 1ICHyBaHHS 1 €IUHOCTI JUIsi JIIHIAHOI CHUCTEMH 13 3MIHHUMU

koedinienTamu: sKmo KoediieHTH a, ;(t) HemepepBHi Ha IesIKOMY BiIPi3Ky [a; B], TO

ICHy€ €IMHUM 1 HemepepBHUH pO3B’SI30K CHCTEMH X, = X (t),1=1...n, sKui
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32/I0BOJIBHSETHCS PIBHSIHHSIM CUCTEMH 1 OYIb-SIKUM TTOYaTKOBUM ymMoBaM (5.2.3), s
JIOBUIBLHOTO t, i3 IpOMIXKKY [a; B].

HopmanpHy cucTtemMy piBHAHb MOXHA 3BECTH JO PIBHOCUIBHOTO [JIsI Hel
IUQEpeHIiaJbHOrO PIBHIHHS MOPSAIOK SKOTO JTOPIBHIOE YHCITY PIBHSHB CUCTEMHU a00
MEHIIIE B1J HHOTO.

[Ipuknan:

3HANTH YaCTUHHUN PO3B’A30K CUCTEMH NU(PEpEeHIIAIbHUX PIBHSHb.

dx

— =X+2

dt y
dy

— =2X+

dt y

SIkuit 3a10BONBHSE TOYATKOBI yMOBH X(0)=6;y(0)=12.
Po3B’s130K 1IyKaeMo y BUTIISIAL X = X(t);y = y(t).

1. T[ponudepeHiiroeMo apyre piBHSIHHSA CUCTEMH I10 3MiHHIH t

2
d y_2dx+y

di2 ~ “dt dt

. . . .. dx
2. 3 mepuioro piBHSHHS IM1ICTABUMO BUpA3 JJIs MOXIJTHOT —

d?y dy
e 2(x+2y)+a

3. 3 npyroro piBHSHHS MaTUMEMO:

d

R -21-3=0
A=-14,=3

y=Ce "' +C.e”

86



a_ —-Ce" +3Ce*
dt

2x=-Ce ' +3C,e* -Ce"-C,e*
2x=-2Ce" +2C,e*
x=-Ce"+C,e™

x=-Ce ' +C,e* . ,
— 3araJibHH pO3B’ 30K

y=Ce'+C,e*

6=—Ce"+Ce’ [6=-C+C, [C,=3
{ 1 2 :{ 1 2:{ 1

12=C,e° +C,e° 12=C, +C, C,=9
X =-3e" +9e% , .
— PO3B’sI30K 3a/1adi.
y =3e" +9e™
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I11.3 IlpakTHuHi iHAMBIiAYaJbHI 3aBIAHHSA

[TpakTune 3ausaTTs Nel
Tema: 3agadi, 10 NPUBOAATH 10 Au(epeHUiaIbHUX PIBHAHD

IIpuxnagu po3B’si3yBaHHs BIIPaB:

3aBaanns 1. B pesepByapi € a BOASHOTO PO3YMHY COJIi, B IKOMY MIiCTUThCS D
KT cojii. B meBHUI MOMEHT 4yacy BKJIIOYAETHCS MPUCTPIN, IKUM HEMIEPEPBHO MOA€E B
pe3epByap ¢ Kr YMCTOT BOAM 3a CEKYH]Iy 1 OHOYACHO 3a0Upae 3 HbOTO MIOCEKYHAU C
Kr po3uuny. [Ipu oMy B camoMy pe3epByapi piiuHa HENEPEPBHO MEPEMINIY€ETHCS.
Sk 3MIHIOETBCSI 3 9aCOM KUTBKICTB COJII B pe3epByapi?

Po3B’s3aHH4:

MOMEHT MoYaTKy MpOIECy Bi3bMEMO 3a MOYatok Biamiky uacy t. Hexait m(t)
nrykaHa (yHKIIisl, 3HAUEHHS SIKOi B KOKHHII MOMEHT 4acy t BHpPa)ka€e KUIbKICTh COJII B
pesepByapi. 3a ymoBow 3amaui m(0)=b. Ile MOKUIIO €IUHE 3HAYECHHS NIyKAHOT
¢yukuii m(t), sike Bimome.

KonnenTpartiiss po3unHy HENEpepBHO 3MIHIOETHCS.

PosrisitHemo 3miHM, 1O BiAOYBalOThCS B pe3epByapl 3a JOCHTh Majuil
IPOMIXKOK 4acy [t,t+At], ne t — nesxuii GpikcoBaHuit MOMEHT Yacy.

Ha mo4aTok 11b0ro NpoMi>kKy B pe3epByapi MicTuThes m(t) Kr coui, a B KiHIIi
m(t + At) kr. Pisuurst m(t)—m(t+ At) — 1€ KiIbKICTh COJIi, iKa BUTEKIIA 3 pe3epByapy 3
po3uMHOM 3a 4Yac At. OCKUIBKM KOHLEHTpalisi pO3YMHY TMPOTITOM 4Hacy

m(t)

10 m(t + At) , o

CIIOCTEPEIKEHHS crajaia BIJT
a

McAt <m(t)-m(t + At)< @cm .

a
Pozminumo Ha At. MaTuMemo mt + At)c <— mit + At)—mit) < m(t)c :
a At a
BpaxoByroun XapakTep JOCIiHKYBAHOTO mporiecy, GYHKIs m(t) HemepepBHa.
Orxke limm(t +At)=m(t) (3a O3HAYEHHSIM IPUPOCTY yHKIiT)

At—0

. mt+At)-mt) ¢
IAItr—I)‘ At " a m(t) .

[lykana ¢pyHkiiis m(t) B KOKHIiM TOYIi t Mae MOXiHY:
88



Oyukiis m(t) € po3s’s3koM piBHAHHS Y/(X)=ky(x)=y=Ce"” mpu ymoBi
m(0)=bh.

Tomy dyHKIIIS, IO OMKMCYE 3MIHY 3 4acOM KIJIBKOCTI CoJIp B pe3epByapi, Mae

¢,

Burasg m(t)=be = .

3aBanannsa 2. Tino, Maca SIKOro JOpIBHIOE M, Majla€ BEPTUKAJIBLHO BHU3 3
nesikoi Bucotu. Cuiia B SI3K0T0 TEPTS, 110 i€ Ha TUIO, IPOMOPIIiifHA HOTO MIBHIKOCTI:

F=-av, 1¢ a>0 — KoedillieHT TepTs. BCTaHOBUTH 3aJIeKHICTh MIBUIKOCTI Tija Bif
qacy.

Po3B’g3aHHS:

Hexaii v(t) — IIBUAKICTH Tijla B MOMEHT Yacy t.

Ha Ti70 mitoTh ABI ONpOTUIICKHO HAMPSIMIICHI CHJIM: CHJa BarM P=mg 1 cujia
TepTs F =-av.

Ha ocHoBi npyroro 3akony HeroToHa

ma=P+F

u
m—=mg —av
a9

Po3pinumo oOunaBi wactuHM piBHOCTI Ha m. Jlictanemo audepeHiianbHe

PIBHSIHHS pyXYy Tija o =9V, AKe Mae BHIIL pIBHSIHHS Y =ky+a.
m

: a
Ha ocHoBi y(x)=Ce" - Maemo:

a4

2 m
vit)=Ce ™ +—g
a
SIKIO TINO MOYMHAE PyX 3 HyIbOBOKO WIBUAKICTIO, T06TO v(0)=0, TO ¢ =2 j
a

v(t):%(l_ei‘]

) . dv .
[Ipu BimbHOMY TaAiHHI TiIa 6€3 TepTs E: g BEJIMYMHA MIBUIKOCTI 3POCTAE

niHiino: V(t)=g(t).
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3aBaannsa 3. MarepiayibHa TOYKa Macol m BUIBHO TAja€ i JI€0 CHUIIU
3eMHOT0 TsDKiHHS. HeXTyouu omopom moBiTpsi, 3HAUTH 3aKOH PyXy TOUKH.
Po3B’s3aHH4:
Ha BepTukanbHiil oci, B3OBX SKOi MaJae TOYKa, 3aiKCyeEMO TOUYKY Biiky O
1 331aMO JTOJaTHUIA HAmpsiM — Bij Toukd O BHU3. [10JI0KEHHSI TOUKM BU3HAYAETHCS

KOOPJUHATOIO y(t) — B1JICTaHHIO BiJ] ()ikCOBaHOI TOUKH () B MOMEHT 4acy t.

Touka nagae miJ J1€10 CUIM 3€MHOTO TSKIHHS F, =mg . ToMy, 3riiHO 3 ApyrUM

d’y d’y
3akoHOM HbroToHa, ma=F . Maemo mF =mg, =g.

2
[HTErpytoYM NBIYI OCTAHHIO PIBHICTH, 3HAXOJIUMO y(t):%+clt+cz, ne C, 1

C, — JOBUIbHI CTaJIl.

2
®opmyna y(t)= % +Ct +C, BU3HAUA€ 3aKOH pyXy MaTepiajibHOI TOUKH, ajie, K

1 B IOTNIEPE/IHIX 3a7a4ax, BOHA MICTUTh CTajll IHTETPYBAaHHS, B JAHOMY BUMNAJIKy — JIBI.

3HAIOYM [OYATKOBE TIOJIOXKEHHs Tanawdoi touku O, Hanpuknam, y(0)=y, i

2
IOYaTKOBY INBUAKICTH V(0)=V,, 3 CYKyIHOCTI 3aJ€XHOCTEN y(t)z%JrClHC2

BUOEPEMO Ty, 1110 OTHUCYE PYX TOUKHU:
2

t
y(t): gT‘H/ot + Yo

Takum 4MHOM, JICTaidu BioMy (OpMyJy LUIAXY, NPOHAEHOTO TOYKOK MpPH

PIBHOMIPHOMIPUCKOPEHOMY PYCI.

3aBaaHHA 1151 CAMOCTIHOI podoTH
1. (Ilpo po3mnooicenns bakmepii.) Y CIPUSTIUBUX JUIsI PO3MHOKEHHSI YMOBaX
3HAXOJUThCS Jeska KiTbKICTh Ng OakTepid. 3HAWTU 3aie’KHICTh 30UIBIICHHS YUCia
OakTepidl BiJ 4Yacy, SKIIO IMIBUAKICTb PO3MHOXKEHHS OakTepiil mpomnopuiiHa ixXHIN

KUJIBKOCTI.
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2.(Ilpo oxonooocenns mina.) 3rigHo 13 3aKOHOM HBIOTOHA, MIBHUIKICTH
OXOJIO/DKCHHS Tijla TPOMOPIifHA PI3HUIIl MDK TEMIIEPATypOIO Tijia 1 TeMIIepaTypolo
HABKOJIMIIIHBOTO CEPEOBHIIIA.

Bigomo, mo Harpite g0 Temmeparypu 7, TUIO MOMICTHJIM B CEpPEIOBHIIIE,
TemrepaTypa skoro crana i gopiBHioe 71 (To > T1). 3HalTH 3a1€KHICTh TEMIIEPATYPH
TiJIa BiJ 4acy.

3. .(Ilpo padioaxmusnuii po3nad.) EXcepUMEHTaIbHO BCTAHOBJICHO, IO
MIBUKICTh PaJl0aKTUBHOTO PO3Maay PEYOBMHU MPOMOPIliiiHA ii KITBKOCTI B AaHUN
MOMEHT 4acy. Bkazatu 3akoH 3MiHM MacH Pe4OBHMHHM BiJl yacy, gkuio npu t = 0 maca
PEYOBHUHM JIOPIBHIOBAIA M.

4. (llpo eumixanusa piounu 3 yuninopa.) LwmiaapuuHuil pesepByap, y AHI
SAKOTO € OTBIp, 3allOBHEHO piAuHOI 3HaWTH 4Yac fp, 3a sSKUMl piguHA BUTEYE 3
pe3epByapy, SKIIO BUCOTa CTOBIIA PIIMHU IOPiBHIOE H, pajiyc nuiiHapa — I, 1ioiia
OoTBOpY — S.

CkopucraeMoch 3akoHOM Topiuemni, 3riIHO 3 SKUM JUJIi MajluX OTBOPIB
IIBMKICTh BUTIKAHHS PiIMHU 3HAXOAATh 3a (opmynoro V=+/29h, ne h — Bucora

CTOBIIA P1JIMHU HAJl OTBOPOM, (J — NPHUCKOPEHHS CHJIN TSKIHHS.

5. (Ilpo ximiuny peaxyiro.) BHacoigok XiMIYHOT peakiiii MK pedoBUHAMU A Ta
B macamu a ta b ytBOproeTbes Tpets peuoBrHa C. BCTaHOBUTH 3aJI€)KHICTh MacH IIi€l
PEYOBHHHM BiJ Yacy, SIKIIO WIBUAKICTh peaklii MpomopiiiiHa T00YyTKY pearyrouyux
Mac.

6. Tino, TemmepaTypa SKOro B IOYAaTKOBHI MOMEHT dacy JAOpPIBHIOE T,,
MOMICTHJIM B CEPEOBUIIE 3 HE3MIHHOIO TEMIIEpaTyporo T,. SIK 3MIHIOBaTUMETHCS 3

4acoM TeMIieparypa Tina?

7. MarepianbHa TOYKa 3 MacOd M PyXaeTbCs B3JOBXK oci Ox M JI€I0 CUIH,
MPOTNOPIIHOT A0 BIAXWJICHHS TOYKH BiJ MOYATKy KOOPJMHAT 1 HAMpPSMIICHOI [0
MOYaTKy KOOpAHMHAT. 3HAWTH 3aKOH PYyXy TOYKH, SIKII0O MOMEHT t=0 BOHa Maja

KOOPJIMHATY X, 1 IIBUIKICTD V.
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8. Tsrapenp Macor0 m MiABIINIEHO Ha HUTLI 3aBAOBXKKH | Tak, 110 OoAepKaiu
MasiITHUK, IKUW KOJIMBAETHCS B OJIHIN TUIOMIMHI. 3HANTH 3aKOH PYXY LBOTO MasiTHUKA.

9. Bimomo uuMm BuIe Haa piBHEM MOpSA, TUM TMOBITPS PO3PIIKEHIIIE —
aTMOC(EepHHl THCK 3 BHCOTOK 3MEHIIYeThCsl. BeranoButu 3anmexHicts p= p(h)
TUCKY p BIJl BUCOTH h.

10. V copuatiauBuX s PO3MHOXKEHHsSI YMOBax mepe0yBa€ MEBHA KUIbKICTh
Oakrepiit. Uepes skmif yac KUTbKICTh OaKTEpiit TOIBOITHCS.

11. ¥V neskiil XiMi4HIi peakuii pedoBUHa B pO3KIaAa€ThCs HA ABI pEYOBUHU: X
Ta V, a WBUAKICTb YTBOPEHHS KOXKHOI 3 IIMX PEYOBUH MIPOIOPIiiiHA KUIBKOCTI b
pPEYOBHHM B. 3Ha,TH 3aKOHU 3MIHU KUIBKOCTI X Ta ) pe4oBUH X Ta ¥ B 3aJI€KHOCTI
BIJl yacy t,sKIO0 Ha MOYaTKy mpouecy b=b,, x=0,y=0, a 0 3aBEpIICHHIO NEePUIO]

by

1
roIVuHU b==b,,6 x=—=,
A 27 8

3
y=§b0'

12. V craBky HBYTh pUOM JIBOX BUIB: Kapacli Ta 1myku. Kapaci xapuyrorbcs
3€JICHHIO CTaBKa, a IIyKW — KapacsMu. Sk 3MIHIOEThCSA YHCENIbHICTh KapaciB 1 MIyK 3

IJIMHOM 4acy t.
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[TpakTuune 3aHATTS N2

Tema: Ilo6ynoBa nuepeHniabHOrO PiBHAHHSA 32 32/IaHOK0 CiM'€I0 KPUBHX.
I3okuainu. Jlamani Eiisiepa
Ipuknaau po3B’sA3yBaHHA BIPAB:
3aBaannsa 1. 3HaliTu KpHBY, B SIKOI TOYKA MEPETUHY OYJb-SIKOI JOTUYHOI 3
BiCCIO a0CITMC OJJHAKOBO BiJJJaICHA BiJ TOYKW JOTUKY 1 Bi/I MOYATKy KOOPAMHAT.
Po3B’si3aHHsA:

b

¥ M, )

¥ =

OK=KM, a=2p=tga=tg2f = =9

1-t9°p
tgh=" tga=y'
X
ZX 2y 2Xy
Tomi y'=—*-=y'= oY =
1-Y x— Y- =y
2
X X

3aBnanna 2. I[loOynyBaTu mojie HampsMKIB Il PIBHSHHSA  ydy—xdx=0

, k=+1, k=+2. IIpoBectun

N |-

(x2 +yi# O). [ToOynyBaTu i30KMIHH y =k, A€ k=0, k=+

inTerpasbHi KpuBi yepes Touku (0;2), (4;2).
Po3B’s13aHHA:

X ay _x y>=x"+C
ydy—xdx=0 = y'==[dx Yy

ydy = xdx y*-x*=C?
1) 3Hax0UMO 130KJTIHH:

y'=0 = X=0 = x=0(y=0) (B Touwi mpsmoi (kpim Toukw (0;0)) iHTErpabHi KPUBI

MaroTh IOTUYHI MapaienbHi oci OX)

x 1
== = —== = y=2X,y#0.
y 2 y 2 y y
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y=+41 = E:il = y=1x,y=0.

y =4+X — € iHTeraHBHI/IMI/I
RS
KPUBUMH. 244444444 +ﬁi;r~
o

[Ipsma y=0 (6e3 1. (0;0)) Takox €

130KJI1HOI0, 00 MO’KHA 3alIUCaTH

3—;:% = %:O = y=0,(x#0)

(iHTerpasibHi1 KpUBi OYyTh

€JIMHAME B OKOJI TOYOK (2,0), (4;2)).

3aBaanns 3. 3HalTu AuQepeHiliaibHe PIBHSIHHS CIM’T IPSIMUX Y = CX .
y'=C — MIJICTAaBJIIEMO Y PIBHSHHS CIM 1 IPSIMUX.

y

y=yx=y'= <~ HIyKaHe nudepeHItiaabHe PIBHSIHHS.

3aBaaHHA 118 CAMOCTIHOI podoTH

Cxuiactu nudepeHitiaabHl PIBHSAHHS CiM T JIHIM:
y =CX.

y =sinax.

x* +y? =Cx.

> w e

y =Cx +C?2.

8. X—2+X—=1.
c? 4

Q. In% =1+ay, (a — mapamerp).
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10. y=C,cos2x+C,sin2x.
11, (C+y?f =a?(x* —yf.

X

12. y=ae?.
13. y=Asin(x+a).
14. y=e*(Ax+B).

15.J1oBectn, 10 audepeHiiagbHe PIBHSIHHS BCIX napabon

”

2
AX® +Bxy+Cy® +Dx+Ey+F=0, B®°-4AC=0 Mae BUJ [(y”)‘s} =0, abo
5ym _3yﬂy(|V) =0.

T'eomempuuni 3a0aui
1. 3naiiTu KpuBy, fKa NOPOXOAUTH uepe3 Touky (-1,1), sKmo KyToBUi
Koe(iieHT mnpuiersoi O0 Hei B Oyap-fKid TOYI[l KPUBOI JOPIBHIOE KBaJpaTy
OpJAVHATH TOYKU JOTHKY.

2. 3HaiiTu KpuBYy, Mg sAKoi 1uioma Q ,00MexeHa KpuBoro, Biccro OX 1 1BOMa

. ) ) X
opauHaTaMHu B Toukax 0 1 X, ABISETHCS 1aHOIO GYHKINE Bigy: Q=a’In=
y

3. 3HaliTU KpUBY ,B SIKOI IJIOIIA, 0OMEXKEHA CAMOIO KPUBOIO, OCSIMU KOOPAHHAT
1 3MIHHOIO OPJMHATOIO, MPOIMOPIIIOHATIBHA JOBXKHUHI JTYTH, OOMEXYIOUH 10 TUIOINLY
3BEPXY.

4. 3HaliTu CIM’10 KPUBHUX, MiJ JOTUYHOIO B OyJb-sKiil TOUI[l B SIKUX € CEPEIHE
apuMeTHuyHe KOOPIMHAT TOUKHU TOTHKY.

5. 3HaliTH KpUBY ,iKa MPOXOIUTH 4epe3 TOYKy M,(3;3) ska mae HacTymHi
BJIACTUBOCTI: SIKIIO Yepe3 Oyb-sKy TOUKY KPHUBOI MPOBECTHU JIBl IPSIMUX, BIANOBIIHO
napajgelbHUX KOOpJMHATaM OCed, O MEepPeTHUHY 3 OCTaHHIMU, TO OTPUMaHUM NHpu
IIbOMY TIPSIMOKYTHHK JIJTUTHCS KPUBOIO HA JIBI YaCTUHU ,i3 IKUX OJIHA (JOTOPKAETHCS

10 oci OX) 1o 1101 B AB1Y1 OUIBIIE BiJ APYTOi.
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M (X, )

Mo(3,3)

<v

A

6. 3HaliTU KpUBY, sSIKa NOPOXOAUTH uepe3 TOouky (-1;1), AKmo KyToBHit
Koe(ilieHT mnpuiersoi 10 Hei B Oyap-iKid TOYIl KPUBOI JIOPIBHIOE KBaApaTy
OpJMHATH TOYKU JTOTHUKY.

7. 3HaTH KPUBY, SIKa MPOXOJIUTH Yepe3 TOUKy (-1;-2), sKio mij HopMajb ii B
KOJKHI# TOUIIl TOPiBHIOE 2.

8. Haiitu piBHSIHHS KpHUBOI, SIKa MEPETUHAE BiCh a0CIUC B To4lll x=1 1 sika mMae
Takl BJIACTUBOCTI: JOBXXHHA il HOPMaJll B KOXKHIM TOYI[l KPUBOi , sIKa JOPIBHIOE
CEpEeIHbOMY apU(PMETUUHOMY KOOPJAUHAT I1€1 TOUKH KPHUBOI.

9. 3HaliTH KpUBY, JJIS SIKOT Pa/ilyC-BEKTOp JOPIBHIOE JIOBXKUHI BiJIpi3Ka
JOTUYHOI M1 TOYKOIO JOTHKY 1 Biccio OX.

10. 3HaiiTH KPUBY, IS SIKOT TUIOITA, OOMEXEeHa JYyrot0 KPUBOi , BICCIO a0CIIUC 1
JIBOMa OpAMHATaMHU, MPOIOPIliiHA BIAHOIICHHIO a0CIMCH 1 OpAMHATH KIHIIEBOI TOUKH
IyTU KPUBOI.

11. 3HaifTu KpUBY, y SKOI MiJ J0THYHA B K pa3 Oijblia aOCIUCH TOYKH TOTHKY.

Po3B’a3aTh 1esiKl BUITAIKHA npu k=1, -1, 2, g

wlN

12. 3HaliTU KPUBY, SIKIIO IJIOMIA, OOMEXEHA OCSIMH KOOPAHWHAT, ITI€l JiHIT 1

BIAMOBIIHOIO 1i OpJIMHATOIO, JOPIBHIOE 3 TJIOMII MPSAMOKYTHHKA, TOOY0BAaHOTO Ha

KOOpAMHATAX KIHIICBOI TOYKH.
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Memooom i30k1iH nobydysamu inmezpaivbHi Kpusi

3a0aHux ougeperHyiarbHUx pieHAHb

1y =x*+y>.
2.y =cos(x—y).
3.y =y—x°.
4.y =x*+2x—y.
5.y =2

d 2X

“x-1

6.y =—

y y—2
7.y =1+vy>.

8.3acrocoByroun Metoj Jamanux Einepa, 3HalTH Ha Biapizky [0;1] HaOmmKkeHMi

pPO3B’SA30K PIBHSAHHA Yy =2X—Yy, 3aJI0BOJIbHSIOYM TIOYAaTKOBY YMOBY y|X:0:7r.

Bigpizok [0;1] momimuti Ha 10 pIiBHUX 4YacTHH 1 TOPIBHATH 3 NPHOIM3HUM
3HAUYCHHSAM PO3B’SI3Ky B TOYKaxX TMOMUTY 13 3a3HAYCHHSIM TOYHOTO PO3B’SI3KY

y' =2x-2+e7".
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[Ipaktrune 3aHaTTs Ne3

Tema: /IndepenuiajibHi piIBHAHHSA 3 BIIOKpeMJIEHUMH 3MiHHUMH
IIpuxaagu po3B’si3yBaHHs BIIPaB:

3aBaanus 1.

y' = L [cos(x y)—cos(x +y)]

y_smxsiny
W _gin xsmy:>J‘ J'sm xdx. (siny#0).
dx
dy ( J
cos? Y cos?~ d (tg y)
J Yo 2 2:; 2) g ¥+ .
Siny Zsinzcosz sinlcosl tgl th 2
2 2 0 2 2 2 2
cos? L
Yy Ismxdx:>|ntg y‘ —cosx+InC
siny

‘tg y‘ —cosx+InC

y
tq 2L
gZ

=Ce™ = y= 2[arcth1e‘C°SX m]
y = 2arctgCe °®* + 2sn — 3arajbHii pO3B’S30K.
Hexaii siny=0,T011 y=7K, k €z — € YaCTUHHUM PO3B’I3KOM B1IMIOBITHOTO

nudepeHIliaTbHOTO PIBHSHHS.

3aBaanus 2.

% =cos(x +Y)

Hexaii z=(x+y), y=z-x, y=2-1.

92 1 cosz )= 9 _ cosz+1 = _Idx+C =
dx dx

=dx = I
coz+1 coz+1

:jizx+c :I—2=X+C = tgZ=x+C = z=2[arctg(x+C)+m]
2c0s? cos? % 2
2 2
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coz+1=0 = cosz=-1 = z=7+2K = z=7x(2k+1), kez.
z = 7(2k +1) € 0COOIMBIM PO3B’SI3KOM AU(PEPEHIIATBHOTO PiBHSHHS (*).

z = 2[arctg(x + C)+ zn]

Omxe, ez
z = 7(2k +1)
y+x=2[arctg(X+C)+7m], nkeZz
y+x=r(2k +1)
y:_x+2[arctg(x+C)+””], nkeZ.

y =—x+7(2k +1)

3aBaanns 3. Po3s’s3atu 3agauy Korri.

{(1+ xz)dy +ydx=0
y(1)=1 |

Po3B’sga3aHH4.

(1+x2)dy+ydx:0 = d—;/+1f);2 =0 = (y¢0,1+x2¢0).

Iny|+arctgx=InC, = Iny|=InC, —arctgx = |y|=e"“e ™ = y=Ce ™", C=+e"“.
Posrnsaemo okpemo, y =0 — € TaKOXk pPO3B’I3KOM BUX1THOTO AU(EPEHITIATIbHOTO

PIBHSIHHS (aJie 1€ pO3B’s130K MOxkHa ojiepxkatu rnpu C = 0 y 3araasHOMY pO3B’SA3KY)

] -z 1
yl)=1 = 1=Ce™™" = 1=Ce * = C=—,
et
z —z—arctgx
y=g ‘e = y=¢ 4 — po3B’s130K 3anaul Komi.

3aBaaHHA 1151 CAMOCTIiHOT podoTH

3HAHTH BCi PO3B’S3KM AM(EPEHIIAIBHIX PIBHSHb:
1.(L+ y?) dx = (1+ x?) dy.

2.y =Y

3.y—xy'=a(l+ xzy’).

4.3e*tg y dx+ 1—eX)cos 2 y dy =0.

5.6 *(1—-x)dx+eY .sinydy=tgydy.
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6.(y2 + xyz) y' + X2 — xy2 =0.
7.eY @+ x%) dy—2x (1+e¥)=0.

8.ye?X dx — (1+e?*)dy =0.

3
9.(1+ y2) dx— (2y + Y1+ y?) 1+ x)2dy =0.

10.y 1+ x2)y’ =1+ y2.

' A XY XY
11y +sin =2~ =sin ==
r 1_2X
12.yy' =" ",
y

3HaNTH YaCTKOBI pO3B’A3KH PIBHSIHb, SIKI Oy1yTh 3aJOBOJIBHITH BKa3aH1

HOLIaTKOBi YMOBH:
13.(1+eX) yy'=e”, y| ,_ =1

14.y'sinx=ylny, y| 7 =1 iscmoy| ,_7 =¢.
2

15.(1+ eX) yy' = eX; BUJIIJTUTH THTETpaIbHy KPUBY, KA MPOXOIUTH Yepe3 TOUKY

M (L1).

16.y' =2,y Inx, Y| yoo =1
17.y'=(2y +1) ctg x, y X_ﬁzl.
Y _
18.xy_|nx, Y| y_e 1.
19.y'tgx—y=1, y| 7 =1

2

20.xy dx + (L+ y2) V1+x? dy =0, y| g =1

21.(1+e*) yy' =€, y| =1
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22.sin ycosx dy =cosysin x dx, Y| <=0 ="

4
23.y'sinx=ylny, y| 7 =1
dx :
24—~ =—ctg xsin y dy, y| (T =7.
COSX™COSYy 3

Po3p’s3atu audepeniiiaabHe piBHAHHSA, BUKOPUCTOBYIOUH 3aMiHY 3MIHHOT:
25.y" =sin(x—Y).

26.y'=ax+by+c (a,b,c-const).

27.y’=(x+y)2.
28.(2x+3y—-1)dx+ (4x+6y—-5)dy =0,

29.y = (x - y)2 +1.

30.y =(x+ y)2.

3Ly = (ax+by+c)2.
32.(x+ YY)’y =a’.

33y \JI+x+y =x+y—1.

34.3actocoBytoun mifcTaHOBKY XY = U, pO3B’sKITh HACTYITHI PIBHSHHS:

a) 2y' + y2+12:0;
X

6) xy*(xy' +y)=a”.
3
35.Po3B’si3atu piBnsans (Y — X) V 1+x2 dy =1+ y2) 2 dx, sacTocypapiu

migcranoBky X=1tgu, y=tgVv.

VX2 +y2 —x

. '
36.Po3B’s13aTu piBHSHHS Y = —————, IEPEXOAUH JI0 MOJISIPHUX KOOPIUHAT.

y

3HANTH PO3B’SA3KH IHTETPAIIHBHUX PIBHSHD:
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X
37.y = [y dx+1.
0

Po3B’s13aTu HacTyIHI AUQEpeHLiaabHl pIBHIHHS:

38.y dx+ (2./xy —x) dy =0.

' aeve Y y
39.Xy COS= = YyCOS——X.
y X y X

40.(y+2\/ x2+y2 j dx—xdy =0

41.y'=YIn

Y
X X

42.(x2 +2Xy — y2) dx+(y2 +2xy—x2) dy =0.

3HaliTu iHTerpanbHy KpHBY, sika IpoXoauTs yepes Touky M (11):

Y
43.xy dy — y2 dx=(x+ y)2e X dx.

44.xy" = xsinz+ X.

45.(y* —2x3y) dx+ (x* = 2xy®) dy = 0.
46.(x2 +Xy)y' = xw/xz—y2 + Xy + y2.

47.x% — y% + 2xyy' =0.

48.y dx + (24/xy —x) dy =0.

dx _dy

2

49, = :
XS —Xy+ y2 2y2—xy

X .
50.y' ="+ X; 3HANTH iHTErpanbHy KPUBY, Ka MPOXoauTh uepes Touky (1;1).
X
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X X

51.[ 1+eY |dx+eY (1— ?) dy = 0; 3maiiTut iHTerpanbHy KpUBY, SKa IIPOXOIUTH

uepes Touky (0;2).

Po3B’si3aTi n(epeHIianbHi piBHIAHHS:

52. y2 —4xy+4x2y’ =0.
53.(X+y—-2)dx+(x—y+4)dy=0.
54.(2x—y+1) dx+(2y—x—-1)dy =0.
55.(X+ y+1)dx+(2x+2y—-1)dy =0.

2X+Yy—1
AX+2Y+5

57.(4y —=3x-5) y'+7x-3y+2=0.
58.(2X+8) dx+ (3y—5x—-11)dy=0.
59.(X -2y +5)dx+ (2x—y+4)dy =0.

56.Yy' =
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[Ipaktrune 3aHsATTS Ned
Tema: OgHOpPiAHI piBHAHHA

Ipuxnagu po3B’si3yBaHHs BIPaB:

J2X+y-3

3aBaanng 1. y' =

dy dz
2 -3= =2+3-2 —=—-
X+Yy 7 => y=2z+ X = o dx
dz dz
OTxe, —-2=+71 = —\/_+2
dx Nz +2
I Z—t dZ—2mt ZMt Mt
\/E+2 7 =12 t+2 t+2

=dx =

2[(1—t+—2

jdt _
=

=2t -In(t+2F )+ C'=2t—2In(t + 2 +C = 24z - 2In(vz + 2f +C

2J7 -2z +2f =x+C =
2/2x+y-3-2In(J2x+y-3+2f =x+C =

22x+y-3 —4In(,/2x+ y—3+ 2)= X +C — 3araJlbHU# 1HTerpall.

(Vz+2#0) vz +2=0 — He mac 3micTy. OcoBNMBUX PO3B’I3KiB HEMAE.

3aBnanns 2. Po3B’s13aTH piBHSIHHS.

,__x—2y+5
2X—y+4

X=X+a, y=y,+p5.

Y= X -2y, +a—-2B+5 a-2+5=0 |a=-1
2x, — Y, +200-58+4" |2a-p+4=0"|p=2 "
' Xl_zyl
Y =—7—"7) i =Ux.
2X1_Y1 '
yr:_X1_ZUX1 — _1—2U
2%, —Ux, 2-u
y'=ux +u.
du +u__1—&1
dxX1 2—-U
du :gﬁ _du _gﬁ
o 1-2u 1-u® X
2-u 2-u
1-u*#0
=11
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-
[ 1“_‘u du =Infx|+C

[ =l
SIEE f:t e
-—|np u\— = 1*“ = In|x,|+C.
-—|np u \—ln = In|x,|+C.

1-u=Cx’@+u)
Y Y ’
1-L=Cx’1+2
X Xl( XJ

A=Y X%
(5]
X X

3
X +
Xl_ylzcxf( 1 2y1)

X, — Y, =C(x, +y,)’ — 3aranbHumii iHTErpAL.
u=+1l =y, =%x
=, (mpu C =0) — YaCTUHHUI PO3B’A30K

y, =—X (mpu C =0) — YaCTHHHUH PO3B’SI30K

105



3aBaanns 3. Po3’s3aTu piBHSHHS.
2x%y' =y +xy
2x°dy — (y3 + xy)dx =0
X, y, dy — tx, ty, t“*dy
(y3 + xy)dx —2x’dy=0
g(tky)3 + tx-tky)dx —2(tx)* -t**dy =0.
t3y® + t"*lxy)dx — 24  dy =0
(tBk ys n t"”xy)dx _ 2t2+k—1x2dy -0
K=k+l=k+1 = k:%.

1

IligcTaHoBKa y=17" = y=122 = y=4z, dy=%z_2dz.

1\3 1 1
= = l _=
[[22] +x22}dx2x2~§z 2dz =0.

3 1 1
[22 + xzzjdx— X%z 2dz =0 JOMHOXXUMO HA Z

(z2 + xz)dx —x*dz =0 —OHOPIAHE PIBHAHHS.

1

3aBaaHHA LIS CAMOCTIHOI po0oTH

Po3B’s3atu piBusuus (1-16):
1.xy'sin(y/x)+x=ysin(y/x).
2.xy+y? =(2x* +xy)y".
3xy'In(y/x) =x+ylIn(y/x).

4.xyy' =y*+2x%,
S5.xy'—y=xtg(y/x);yQ) =x/2.
6.y =(y/x)+cos(y/x).

7.y =4+yIx+(y/x)*y@) =2.
8.(y* +x*)dx — xydy = 0.

9.y =(x+y)/(x-y).

, X
10xy' =y = arctg(x/y)

11.(x* +6x2y? + y)dx + 4xy(x* + y?)dy =0; y(1) -
12xy" = 2(y - /xy).

13.3ysin(3x/ y)dx + [y — 3xsin(3x/ y)|dy = 0.
14.2(x + y)dy + (3x + 3y —-1)dx = 0; y(0) = 2.

15.(x -2y +3)dy + (2x+ y-1)dx =0.

16.(x -y +4)dy + (x+ y—2)dx =0.

3uaiitu inTerpanu pisusaHb (17-38):
17.(6x+y—-1)dx + (4x+y—2)dy =0.
18.(x—2)dx+ (y—2x+1)dy =0.
19.(5x -7y +1)dy + (x+y—-1)dx =0.
20.(x+ 2y +1)dx—(2x+4y +3)dy =0.
21.(x+y+1dx+(2x+2y-1)dy =0.
22.(8x+ 25y —62)dx — (11x+4y—-11)dy = 0.
23.y(x*y? +1)dx + (x*y* —1)xdy = 0.
24.y3dx + 2(x* —xy?)dy = 0.
25.3x°ydx + (y* —x°®)dy =0.
26.4xy*dx + (3x*y —1)dy = 0.
27.(x+y—2)dx+(x—y+4)dy =0.
28 W _2X=y-1

dx x-2y-1
29.(Xx—2y +5)dx+ (2x—y+4)dy =0

2
30&:2( y+2 j
dx X+y-1
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31.xydx+ (y* —x?)dy =0.

48.(xye” +y2)dx —x%e"dy = 0.
32.(xy? — y)dx — (x*y* ——3x*y + 3x)dy = 0. (xye” +¥°) y

33.(y + yy/x?y* —1)dx+ 2xdy = 0. 49-("“9%—3’)(’“)@3/:0-
34.2xy’dx + (x*y? +1)dy = 0. 50.(24/Xy — y)dx — xdy = 0.
35.2(M—X2y)dx—x3dy:0. 51.xy’—xcos%— y=0.

52.(6xy +5y?)dx + (3x?* +10xy —5x*)dy = 0.
36.y(L++x*y* +1)dx+2xdy=0 53{(x + y)ze% + yz}dx —xydy =0.
37-(X\/m— 297)dx+ xydy =0, 54.4x% + xy—3y? +(y* +2xy—5x*)y’ =0

55.(y* +2x%y)dx — (2x% + 2xy*)dy = 0.

38.(x*y® —y)dx—(x*y*® —2x*y? + 3x)dy = 0.
(x*y* - y)dx—(x"y y" +3x)dy 56.(x% +3xy?)dx+ (2y° +3x?y)dy = 0.

Po3s’s3atu piBusHHs (39 — 56):

39.(y + /X% — y?)dx — xdy = 0.
40.xy" = y1+Iny—Inx).

41.(x* + xy + y*)dx — x°dy = 0.
42.(y? —2xy)dx + x*dy =0
43.2xydx + (y? — x*)dy = 0,M (L.1).

44.xdy — (X* + y* + y)dx = 0.

45.(3x% — y?)dx — 2xydy = 0, M (L;+/2).

46.(Xx—y — \/x_y)dx + \/x_ydy =0.
47.(2x +3y)dx + (x + 2y)dy = 0.
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[Tpaktuune 3aHsATTS Ne5,6,7
Tema: Jliniiini qudepeHuiajnbHi piBHAHHSA. PIBHAHHS, 10 3BOAATHCHA 10
JiHiiiaux (piBHssHHSA BepnyJsuni, piBusaHus {ap0y-Minainra ra in.)

IpuKIaau po3B’A3yBaHHs BIPAB:
3appanns 1. 1) ydx+x(2xy +1)dy =0

P(x,y)=y, Q(x,y)=x(2xy+1)
X, y, dy = tx, t“y, t“*dy
ITincranoBka y = z*.
tkydx+tx(2-tx-tky+1)k‘ldy=0
t*ydx + 2t 2 *xydy +t“xdy = 0
t*ydx + 2t** xydy +t“xdy = 0
k=2k+1 = —k=1 = k=-1
t‘lydx+tx(2tx-t‘ly+1)‘2dy:O

tydx+tx(2xy +1)dy =0 = ydx+ x(2xy +1)dy = 0.

. _ 1 . . .
[TizcTaHoBKa: y=2" = y=> — MiICTABIIEMO y BUXITHE PiBHIHHS (z #0).
z

dy 1 dz 1

Yo 2 gy dz.

dx z? dx = z?

zldx—x(2x1+l)i2dz:0.
z z

0.

ztdx —(2x2 ia + ijdz

AR Lo

2x? X : :
dX—| ——+ 2 dz =0 — ogHOpP1AHE PIBHSAHHS.
z

2

2
dx = (Zi + inz
z z

Z
—=U = z=UX, z'=u'X+u
X

ux+u=
2

—+

1
u? u
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ux+u=
u2
, u’
u'x+u=
u+2
.l o uf-u*-2u du 2u (u+2)du  dx
u'x = U= UX=————— = —X=——— > 2 — =0 >
u+2 u+2 dx u+2 2u X

2
= [1+gjdu+%:0 = %u+|nu2+ln|x|:lnc1 = 2i+lnz—2+ln|x|:lncl =
X X

2 u X
1 z° 1 |C1X| 1 2 2 _2i
—~ +In =] =1 -1 _e
= 2xy+ n|X| nC, = 2y Ny = 2y nCXy* = [CXy*=e ¥ =
1 _ 1
— Xy2 _Ce 2xy — y2 — e 2xy

OckinbkH z # 0, TO 0COOIMBOIO PO3B’SI3KY HEMAE.

3aBaanHs 2. (y2 — 6x)y' +2y=0

PiBHSHHS BUTIISLY dy A

dx B(y)x+C(y)

2_
yoo A W2y Ay yebx o dy y 6
y“ —6Xx dx yc—6x  dx 2y dx 2 2y
dy 6 y oy .
— ——X =—-= — JIIHINHE PIBHAHHA
dx 2y 2

x=uv, (x(y)=u(ymy)), j—; =U'V+V'U — MICTABISEMO B PIBHSHHSL.

I2 I 6 y
UV+HVU——uv=—=
2y 2
uv+u v’—iv -y
)
v'—iv:o = ﬂ=£v :ﬂ=3ﬂ :>In|v|:ln‘y3C1‘ = v=y°
2y dy 2y v y
-1
uy?=-7 d_u:_iz du=—d—y2:>u: 1Y cou=tic
2 dy 2y y - 2y
y’ 3
X=uv=-—+C
5 y

y =0 — 0co0JIMBUI PO3B’A30K.
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3apnaunns 3. — ﬂ+w/y2+1=x2+1.
y? +1 dx

Piustaus Bugy f'(y)y + f(y)P(x)=g(x)

dz 2y dy dz y dy
2(X)=4y*+l == —=——"2_—"2 — = 2/
( ) = :>dX 2 y2 +1 dx = dx y2 +1 dx

OTxe, MAaTUMEMO:

% +2(x)= x* +1 — niniline piBHSHHSA BiTHOCHO QYHKILT z(X)
X

u(x)= el P _ oJo _ o (meton Eiinepa)
92 o +e*z(x) = x%e* +e*

dx

!
(zex) =x’e" +e* = ze*= I(xzex +ex)dx = ze* =x%* —2xe* +3e* +Ce”

z= e‘X(xzeX —2xe* + 3¢ +CX)

JY? +1=x"-2x+3+Ce™ — 3araJibHUH PO3B’SA30K.

3aBaaHHA ISl CAMOCTIiHOT podoTH
[. 3naliTu 3aranbpHi pO3B’SI3KU TUQPEPEHIIIATIBHUX PIBHSHD:

1.xy'+2y=x2.
2.(x3+y)dx—xdy:0.
2
3.y +2xy =2xe”*
4y 1—2xy:1
X2
5.y'+y=COSX.
r_ y
6.y = 2ylny+y—x -
7.y = y
XCOS y+sin2y
2 2
8.e* y' +2xye* =xsinx.
, 2X +1 2x+1 .
9.y—2—y:cos X = ————SinX.
X +x+1 X“+x+1
X
, 2 e"(x—2)
10y —y=———7.
y Xy X
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11.(1+ y2) dx :( 1+y2 sin y—xyjdy.

12.y'—ythx:3.

13.y' —ﬁ_e *(x+1)".

14.(1+ y?) dx = (arctg y—x)dy .
3HaWTH YaCTUHHI PO3B’SA3KH, SIKi 33JOBOJBHSIOTH BKa3aHi MOYaTKOBI YMOBH,
HACTYITHUX JUdEpeHIliaTbHUX PIBHSIHB:

r_ __1 _
15.y ytgx_cosx, Y| oo =1
y

16. Xy’ —X—H—x Y| y_o=1

17,y + X2y = x° y\xz

r_ :L -
18,y -ytgx=—-, Y| g =0

: NG
9.y -+ y=—1 _sinx, y| =1+
sin x cos X sin x 2

[1.3HaiiT YacTUHHI PO3B’A3KH, SIKI 3aJI0BOJIbHAIOTH BKa3aH1 IOYaTKOBI YMOBH,
HaCTyIHUX JU(epeHIaTbHUX PIBHSIHB!

dx nx X n _
1.———=e"(t+1)", X =1
dt  t+1 ( ) t=0

2.1-Xx2)y +xy =1, Y| oo =1

3.y'+ yCOS X =Ssin X oS X, y\ w0 =1

4y +x7y=x%y| wp =L

5.Po3B’s13aTi HaCTYIHI PIBHSHHSA, JIHIAHI BIIHOCHO 3MIHHOT X !

r_ y :
ay = XCOS y+sin2y ’

b.(x—2xy — y*)y' +y* =

c.y' = L :
2y Iny+y—x
Po3B’s13aTH piBHSAHHS:
6.y —L_xlnx y(e):e2/2.
sin X

7.y'sinx—ycosx=1; y(x/2)=0.

8.y'(x+ y2) =Y (IlpuitaaTtu 3a HeBimoMy QyHKLiO X. ).

9.y"+ 3y tg 3x =sin 6X; y(0) =1/3.

10.(2xy +3) dy — y2 dx  ( IIpuitusatu 3a HeBigoMy GyHKI0 X. ).
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11. (y4 +2X)y'=y  (Ipwuiinartu 3a HeBigomy QyHKIi0O X. ).

12. y'+2y :3x2y4/3.
X

2
By - Y =Y
X1 X-1
2 2
14.y'+—y: \g .
X €c0S“ X
X 4.5

15.4xy"+ 3y =—e"x"y”.

6.y +y=eX2Jy; y(0)=9/4.
2
17.y'+3)§y:y2(x3+1)sinx; y(0)=1.
X°+1
18.y dx+ (X + x2y2)dy =0 (Ipwuiinsru 3a HeBinomy QyHKIi0 X. ).
19.y' —2ytg X+ y2sin?x =0.

[II. B HacTynHUX NpUKIIagax 3HAUTH 3arajlbHUN pO3B’A30K PIBHSAHB 1 BUIYYUTH
YaCTUHHMM, SKILIO JAHO [I0YATKOBY YMOBY:

1.dy—y:2x—x2.

dx

2.dy—y:x—1, M(0;1).
dx

3.ﬂ+ Xy = X3, M(0;=2).
dx

4.dy+3y:x2 +1.
dx
5. y’+2y:x3.
6.y — yctg X = 2x — X ctg X.
7.%+ Y COS X =SIN X COS X.
dx
8.y +y=sinX+COSX.

9.x|nx3y+y:2Inx, M (e;0).
X

10.y'—2xy =cos x — 2xsin x, M (0;1).

11.ﬂ —2xy =1.
dx

12.x|nxdy—y:x(lnx—1).
dx
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Xy x2—x+lex

x2 +1 x2 +1
—COS X

- 2
15.@_ _2y __sin"x
dx sin2x COS X

16. ydx + (2x — 6y4)dy =0.

g Y,y _sinx
dx X x2

13.y'—

14.y'+ycosx=e

18.y' + ytg x=ycos® x, M(0:).
19.sec ydx —(x+sin y)dy =0.

V. B HacTynHUX NpUKIagax 3HAUTH 3arajibHUM PO3B’ 30K PIBHSIHB 1 BUITYUUTH
YaCTUHHUM, SIKIIO JAHO MOYaTKOBY YMOBY:

, y _x+\/1—x2

Ly + A D

2.Xy"+ Yy = XCOS X, M(E;lj.
3.(Iny+x)y'=1.

4.\/@@_ y V14 X2 In x

dx In(x+\/l+x2) X In(x+\/1+x2)
5.[5(x+a)3—Zy}jx—(x+a)dy:0.
6.(2x—4y?)dy + ydx =0, M (L1).
7.x2dy—2xydx:3dx.

8.y’sin x—y=23in2§.

9.(y2 —6x)y' +2y =0, M(0;-1).
10.(y — y3)dx+ (2xy2 —X— y2) :
11.e*°dy + (2xye™* — xsin x)dx=0.
oY

dx X_|_y2

13. ydx + (2x —10y3)dy =0, M (01).
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14.XCOS x3y+ y(xsin x+cosx) =1.
X

15.dx + (X —e Y sec? y)dy =0, M(2;0)

V. 3iHTerpyBaTH MoAaHi HWXx4e AuQepeHiiaabHl pIBHIHHS Ta BUWIYYHTH IHTETPATbHY
KpPHUBY TaM, /i€ BKa3aHO MMOYATKOBY YMOBY:

X2

1.1ﬂ+(2—x)lny:x .
y dx

2.58c? y?ertg y = X.

_y dX
3.6 X2 e X =gV,

dy
1 dx 2{l+y +5).
q/1+ dy X

V1. 3‘inTerpyBaru nogani Hk4ue qudepeHIliaabHl PIBHSIHHS Ta BUITYYUTH
IHTErpajibHy KPUBY TaM, Ji¢ BKa3aHO noanKOBy YMOBY:

y %+ y +1=x°+1.
y2+10y
2.y + Xyzzxﬁ.
1-X
3.3dy + (1+e*3Y)dx =0.
4.xdy+y:y2Inx, M(11).
dx
5.sin xdy —cos xdx = e~ ¥ sin xdx.
6.y +siny+xcosy+x=0.

7.(x2y3+xy)y':1.

8.3%—ysinx+3y4sinx:0.
dy
9.y’+2y Zf

X cos?x

10.33(/ +(1+y )x arctgy=(1+ yz)x.
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11.3y+sin X1g yzsm—x

X cosy
pInyd 2 i3 o1
y dy 3(x+1)

13.cosx3|x— ysin X = y4.

14.xy"+y = xy2 In x.

15. y’+§: yA1-x?3), M(L).

16.y' -y tg x:—yzcosx.

17.3i+ Xy = yz(sin X+ Xcosx), M(0).

18.(1+ x2)y’ =Xy + x2y2.
19. xydx + (x2 + y2 +1)dy =0.

V1. 3inTerpyBaTtu nojaHi Hux4e TudepeHianbHl PIBHAHHS Ta BUIYYUTH
IHTErpajbHy KPUBY TaM, /1€ BKa3aHO MOYAaTKOBY YMOBY:

1.(x%y —3x2y + y3)dx + 2x3dy = 0 6. x2y3dx — x3y2dy + ydx —xdy =0
2.(x% +y® +2x - 2y)dx+2(y -1y =0 7.(x%y + y3 — xy)dx + x2dy = 0.
3iHTErpyBaTH PIBHSHHS:

2.2 2
8. _ _
3. ydx + xdy + y2 (xdy — ydx) = 0 X7y (x+a)dx+x(x" —ay)dy =0

9 5 9-(2xy—x2y—y3)dx—(x2+y2+x3—xy2)dy=0
4.(X"+y“ +y)dx—xdy=0. 10.(3x*y2 + y®)dx — (xy* + 2x°y)dy =0

S. (y3 + 2xy2)dy - 2y3dx + (X + y)(xdy — ydx) =0

11. (x2 + 2Xy + x2y— y2 — y3)dx+ (y2 + xy2 +2Xy — X% — x3)dy =0.

Po3B’sa3aTu 3aaa4i:

12.3HaiiT KpHMBY, SKa Ma€ TaKy BJIACTHBICTBL: Bimpizok oci OX Bixm mouarky
KOOPJIMHAT J0 MEPETUHY 3 JOTUYHOIO 10 KPUBOi B Oy 1b-SIK1i TOULl MPONOPLIHHUN
opruHaTi 1iei Toukn (K — xoedirienT nponopuiiHocTi).

13.3naiiTi KpuBy, H0THYHA 10 siKoi yTBOoproe Ha oci OY Bimpi3ok, BenmuuuHa

1

SKOTO CKJIaga€ — YaCTHHY CyMH KOOPpAWHAT TOYKH.
n

14.3naliTu 3aK0H 3MiHM CTpyMy B Koii 3 omopoM R Tta camoingykuicro L, sxio
novaTrkoBa cuia ctpymy € lg, a enekrpopymriiiHa cuia 3MiHIOETBCS 38 3aKOHOM
V =Vgsin at.

15.ITnoma Tparmnetii, yTBOPEHOI TOTUYHOIO JI0 JIESIKOi KPUBOT, OCSIMU KOOPAMHAT Ta

2 .
OpAHMHATOIO TOYKH JOTHUKY, € BEJIMYHMHA CTaJIa — a~ . 3HaiTtu IO KPUBY.
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16.3HaliTu KpHMBY, KOKHA JOTUYHA 10 SAKOI meperuHae npsamy Y =1 B Touni 3

abc1ucolo, 110 TOPIBHIOE MOABOEHIM aOCHUCI TOUKU JOTHUKY.
17.3HaiiTu kpuBYy, AOTMYHA 10 Akoi B Toumi (X,Y) HpOXOmUTH uYepes TOUKY

(x*,y%).

18.3HaiiT KpuBYy, B KOXKHIM TOYIl SKOI MiAHOPMANIb € CepeaHE apru(pMETHUHE

KBaIpaTiB KOOPAMHAT €] TOUKHU.

19.3naiiTn KpuBy, y SKOI IUIONIA KPUBOMIHINHOI Tparemii 3 OCHOBOIO [a,x]
1

JOpPIBHIOE — -H IUIONI TPSMOKYTHHKA 3 TIEIO XK OCHOBOIO Ta BHCOTOIO, IIIO

JOPIBHIOE KpaiiHiil OpAUHATI.
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[Tpaktrune 3aHATTINGS,9
Tema: PiBHsiHHSI Yy MOBHUX Audepenuianax. [HTerpyrounii MHOKHUK

Ipuxnagu po3B’si3yBaHHs BIIPaB:

3aBaanng 1. (xzy +y®— xy)dx+ x*dy =0

(x2y+ y3)dx+ x*dy — xydx = 0
(xzy + y3)dx+ x(xdy — ydx)=0

0-dy + (x2 y+y° )dx +X(xdy — ydx) =0 — piBHsHHs Minainra-Jlap0y.

y

=ux, dy = xdu+udx, xdy—ydx:xzd[lj, xdy — ydx = x*du, (x#0).
X

[TizcTaBUBIIH, OTPUMAEMO:

xg(u +u3)dx+ x(xzdu): 0

x3(u+u® Jdx+ x*du = 0

(u

u

+utJdx+du=0, (x#0).
du

+u?

du

+dx=0

> +dx=0
uiu +1i

du udu 1 du? 1¢(1 1 1
Iu(u2 +1)=Iu2(u2 +1)=§-[u2(u2 +1)=§j(u_2_ u? +1)du2 =E(Inu2 —In(uz +1))+C -

INnu—InvJu?+1=1In

u®+1
In =—x+C, = u ™4 = 4 _Ce™ — 3aranbHuii PO3B’S30K.
u?+1 y? +x° u? +x°
y
X —x y —x 2 2,-2x (2 2)- o
=Ce* =>——2—=Ce¢* = y*=C%eIxX*+y ), X =0 — 0COOIMBHI.
yZ [y2+x2 (
7+1
3aBaanns 2. y' +y® =2x".
Yy =2t = a=—4= K 4 gk=dk = k=1,
1-2k
u 1
=—+—, (a=1).
y=—z+y @=1)
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u  u® 2
—+—F=—, (x£0

ot g xz0)
ux?+u’=2
d—ux2+u2:2

dx

e tu2—2-0

dx

du _ dx

ut-2 x2

I S LR I
242 la++2] x '

3aBaannsn 3. (xln y — X +C0s y)dy + (x3 +ylny-y- 2xy)dx =0

Q(x.y) P(x.y)
I cmocio.
@= Iny—2x; @: Iny+1-1-2x=Iny—2x
OX oy
0Q oP . . :
pViairvie PIBHSIHHSI € PIBHSIHHSIM Y TIOBHUX JU(EepeHIlianax.

Hexaii Q(x,y) — mykana QyHKIis, Toi

Z_iz P(x,y)=x"+ylny—y—2xy, %uzQ(X,y):XMY—X”COSY’

4
P(x,y)=[(¢ +yiny -y —2xyix ="+ xylny —xy=xy + ply)=xlny - x* + ¢'(y) = Q(x.),

TOOTO XIny—x*+¢'(y)=xIny—x? —cosy:>¢’(y):cosy:>¢(y):Jcosydy:sin y+C,.
4

Taxkum guHOM, U(X,Y)= XT +xy(Iny —1)—x?y +siny +C,..

OTxe 3arajibHUM 1HTETrpas PIBHSIHHS Ma€ BUTIIAL:

4

XTery(In y—1)-x*y+siny=C.
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IT cnoci6.

P(x,y)dx+Q(x,y)dy=0 — piBHAHHA y [OBHHX Jju(epeHmianax, To6TO

P(x, y)ix +Q(x, y)dy = du(x,y),

Toni
X y

u(x,y)= I P(t, y)dt + j Q(x,,t)dt (Touka (x,,y,) OOMPAETHCA TAKAM YMHOM, 00 [X,X,] 1
Xo Yo

[y, y,] Hanexanu obnacti D.)

B namomy Bunajky: (o6upaemo Touky (0,y,) obmacti D)

X

xy :jt +ylny—-y-— 2ty)dt+jcostdt_[—+ytlny yt— ty) +S|nt|
0

0

4

:XTJer(In y—1)-x*y+siny—siny, =[-siny, =C,]=

4

:XT+xy(In y—1)—x?y+siny+C,

3aBIaHHA I CAMOCTIIHOI podoTH
Po3B’s13aTu HacTynHI 1U(epeHLiaTbHI PIBHIHHS:

1. x(2x2 + y2) + y(x2 + 2y2)y' =0.

o Xy 1 dx+ dy 0.

X2 +y? X y \/x +y? y y?

3.3x%eYdx + (x%e¥ —1)dy = 0.

4.(3xsin y+1)dx = (g X2 cos y+ 3)dy; BHJILIUTH iHTErpAIbHI KPHBI, sKi

npoxoxars uepes Touxkn M (1;1) i N(0;1).

5.(sin Xy + Xy cos xy)dx + X° cos xydy .
- .2
6.[Smy2X + x]dx +[y _3 5 X]dy =0.
y

7.6 Ydx+(1—xe Y)dy =0.
8.(xcos2y +1)dx — x2sin 2ydy =0.
9. yxYdx + x¥ Inxdy = 0.
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y2 —ld 1 2 .
10.{()(_”2 x} X+|:y (x—y)z}y 0.

xdx +(2x + y)dy iy

(x+y)?
3y 2ydy
12. —+— dx =—~=.
x? X4J x>

13. Xy+2xy—y]dx+ [\/1+ x2 +x%—In x)dy =0.

V1+ x? X

- 2
14.y+smxzcos Xydx+[ >— +sin y]dy:O.
COS“ Xy COS“ Xy
y eV
15 20" ) gy &gy =0
(1+x ) 1+ X

Buninutu iHTerpaJILHi KpHBI, K1 IPOXOJIATH Yepe3 3aJjaHl TOUKH:

16.— dy (——— —Ddxuepes Touxy M(L1).
X2 +y? x2 +y?
2
17. ZXSX Y fX dy = 0 uepes Touxy M (L1).
y y
18. 3X2€y + (x3ey 1)y’ =0 ugepes Touxy M (0;1).
19 — dX # dy =0 uepes Touxy M (1;,1).
y y

Bunaumuty iHTerpanbHi KpUBl, K1 IPOXOATh YEPE3 3aJJaHl TOUKHU:

20. (x+2y)dx+ ydy = 0 uepes Touxy M (1;0).
(x+y)’

21.13 cimelicTBa IHTETPAIBHUX KPUBHX AU(DEPEHITIATLHOTO PIBHSIHHS
2X OS> ydx + (2y — X2 sin 2y)dy =0

BUOpATH Ty, sSIKa MPOXOAUTH Yepe3 MOYATOK KOOPAUHAT.
Po3B’s13aTH piBHSHHA:

22.(x+sin y)dx + (xcosy +sin y)dy =0.
23.(y +e”sin y)dx+ (x+e* cos y)dy = 0.
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24.(xy +sin y)dx + (0,5x? + x cos y)dy =0.
25. (x2 + y2 + y)dx - xdy=0; y(0) = 0.

26.(2xye* +1In y)dxq{ex2 +§jdy:0; y(0) =1.
27.[sin y + (1 - y) cos x[dx + [(1i/ y)cos y —sin xJdy = 0.
28.(y + xIn y)dx+£;(—j/+x+1]dy:0.

29.(x? +sin y)dx + (L+ xcos y)dy =0.

30.ye™dx+ (y +e*)dy =0.
31.(e*sin y+ x)dx + (e* cos y + y)dy = 0.

32.(Iny —5y2 sin 5x)dx +(§ + 2yc055xjdy =0; y(0)=e.
y

33.(arcsin X + 2xy)dx + (x> +1+arctg y)dy = 0.

34.(3x2y +sin x)dx + (x° —cos y)dy = 0.

35.(e*"Y +3x2)dx + (XY + 4y®)dy = 0; y(0) =0.
36.(tgy—vy coseczx)dx+ (ctg x+ xsec? y)dy =0.

y X
37. —y ldx+| e¥ —x-— dy=0.
(x2+y2 y) ( x2+y2) g

[IpoiHTerpyBaTH HACTYIIHI PIBHSIHHS, SIKI MaIOTh IHTEIPYIOYUN MHOKHHUK, SIKAWA
3aJI€KUTh JUIle Big X abo nume Bix V!

38.ydx—xdy +Inxdx=0 (u = @(x)).

[IpoiHTerpyBaTH HACTYIIHI PIBHSIHHS, SIKI MaIOTh IHTEIPYIOYUN MHOKHHUK, SIKAW
3aJ1€KUTh JUIle Big X abo nuime Bix V!

39 (X° COsX— y)dx +xdy =0 (u = (X))
40 YIX—(x+y*)dy =0 (u=p(y))
a1 Y=y (o y By =0 (u=gp(y))

Po3B’s13aTu piBHSAHHS B MOBHUX JU(epeHIianax:

45 (2xsin y — y?sin x)dx + (x* cos y + 2y cos x + 1)dy = 0
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43 (XIn y—x2 + CO0S y)dy+(x3 +ylny—y-2xy)dx=0
40, (2 —4xy —2y)dx+ (y? —4xy - 2x*)dy =0

1 X
(XJ’—/ﬁde{y_TJ
45, y = Y =X

46_(6xy+x2 +3)y’ +3y? +2Xy+2x=0

2X—Y dx + 2Y + X
i x2+y2 x2+y2

dy=0

+dy=0

ESini—lZCOSX-FljdX-i—[ECOSX—iZSini-l-indy:O
a8 \Y Y X X X X y y y

i 2 2
1y 2}dx+{x—2—1}dy:0
a0 X (X=Y) (x=y)" ¥ |

y2 + L +ctgy [dx+| tg x— X — X2 dy=0
cos“ X /y?—x? yyy2—x% sincy

T
M| —;0
£1 [cos(x + y?) +3yldx +[2y cos(x + y*) + 3x]dy = 0 (2 )

5o (2Xsin 'y —ycos X+ In x)dx + (x2 cosy—Iny—sinx)dy=0
53 [Ncos(nx +my) —msin(mx + ny)]dx + [mcos(nx + my) —nsin(mx + ny)]dy = 0
2

(1+y—]dx—2idy -0
G X
54.

50.

55 (2xcosy — yZ sin x)dx + (2y cos X — xsin y)=0

2
(3X2 + iz + 2xy2 — Zigldx + [By2 + iz + 2x2y + 2—;/}dy =0
X X y X
56. :

xdx + ydy N ydx —xdy 0

57 V1+ x2 +y? X2 +y°

Buninuty iHTerpansHi KpuBi, K1 IPOXOJIATH Yepe3 3aaHl TOUKH:

58. (x+ 2y)dX-:|; ydy = 0 uepes Touxy M (1,0).
(X+Y)
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59.13 cimelicTBa iHTErpAIbBHUX KPUBUX JU(DEPEHIIATLHOTO PIBHIHHS
2X c0s> ydx + (2y — X2 sin 2y)dy =0

BI/I6paTI/I Ty, dKa IMMIPOXOAUTH YCPEC3 IMTOUYATOK KOOPAUHAT.

Po3p’s3atu qudepenitiaabHi piBHAHHA METO/IOM 1IHTETPYBaIbHOI'O MHOKHUKA,
3HAIO4H, 110 BOHU MAIOTh [ = f (X) abo U = f (y) :

60,67 Ydx+(xe? ™ —2ye)dy =0

s YXdx+xYInxdy =0

62, (xy2 +y)dx—xdy=0

63. (y%e* + y)dx — xdy = 0

64 (2Xy + y2)dx + (2x2 +3xy + 4y?)dy = 0

65, 2ydX+ (y* —6x)dy =0

g6 OX+(x+e7Yy%)dy =0

67.(2Xy2 —y)dx+(y* +x+y)dy =0

sg. Y(L—sin x)cos® ydx — (y* + xcos® y)dy =0

3iHTErpyBaTH HACTYIIHI PIBHSIHHS 32 JJOTIOMOTOI0 MHOXKHUKA [ = ,u(X + y) abo
p=pu(X=y):

69 (x2 + x2y +2XYy — y2 — y3)dx + (y2 + xy2 +2Xy — X2 — x3)dy =0

70. (2x3 + 3x2y + y2 — y3)dx + (2y3 + 3xy2 +x%— x3)dy =0

(y—ﬂ+xjdx+ady=0
71. X

72,00X° + yZ +9x?y)dx+ (7y? + 6xy + X°)dy =0
73 dXx+xctg (x+ y)(dx+dy) =0
74 (x+3y)dx +2ydy +a(x + y)(xdy — ydx) =0

Po3B’s3atu audepenitianbHi piBHSIHHS, K1 MAIOTh IHTETPYBATLHUN MHOKHHUK SIK

HKIII0 aprymMeHTy XY, abo X2+ 2,a6o>1< X2— 2:
y prymenty Xy y y

75 y2dx +(xy-1dy=0
76. (2x2y + X)dy + (y + 2xy2 — x2y3)dx =0
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77. (¢ +xy? = y)dx+ (y° + Xy +x)dy = 0
26 (X% + y)dy + x(1- y)dx =0

Po3B’s13atu audepeHiiaabHi piBHSIHHS, K1 MaIOTh IHTETPYBaJIbHUI MHOXKHHUK SIK
(dyHKUi0 aprymeHnty XY, abo X + y2 , a00 K X? — y2:
79.(x+ X% +y2)y' =y =0.

80.(2x°y? — y)dx + (2x2y> — x)dy = 0.
81.X(2y +x+1)y' —y(y+2x-1)=0.

82.(x% + y% + y)dx—xdy =0.
83.(x2y> + y)dx + (x3y? — x)dy = 0.

84, zdy 5o = 21 5 —i dx=0.
y(x“+y7) [ X(xX“+y%) Xy

3 3
g5.| Y 5 —y}dx+{x— Xy 2}dyzo.
| (x=y) (x-y)

2

86. 2xy2 + x+X—)dy+(y—x)dx= 0.
y

87. x—XcosX)dx+cos¥dy =0.

X X

88.2y°y + xy? — x3 =0.

Po3B’s13aTH o1aH1 HUXKYE PIBHSAHHSA, 3aCTOCOBYIOUYM METO/I IHTErpPyBaJIbHOTO
MHOKHHKA:

89.(6x—2y—2y2)dx+(5y2 —8xy —x)dy =0.
90. XdXx + (Xy — y3)dy =0.
91. y3dx + 2(x® — xy?)dy = 0.

92.(y — X)dy + ydx — xd(lj =0.
y

93. (x2 + y2 +1)dx —2xydy =0.
94. Xy’ + (sin y—3x2 cos y)cosy =0.
95.(Iny +2x-1)y'=2y.
y 1
2(x+1) 4x(x+1)
97.(xsina + ycosa)dx + (ysin o —xcosa)dy = 0.
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[Tpaktuune 3ansTTd Nel0,11

Tema: IndepenuiaabHi piBHAHHA | mopsaaKy He po3B’A3HI BIiTHOCHO MOXiTHOI
\

IpuKIaau po3B’I3yBaHHS BIPAB:
3aBaanus 1. y'> —(3x-2y)y’+2x* —xy—3y® =0
D= (9x2 —12xy +4y2)—8x2 +4xy +12y = x? +16y* —8xy = (x —4y)’

, 3X—-2y—-x+4y. , 3IX-2y+Xx+4y
y, = 5 v Yo = 2

Y, =X+Y,; Y, =2x-3y.

OOwuBa piBHSHHS JiHINHI iX 3arajibHi pO3B’SA3KHU:
_ 2 2 .
y,=Ce™ t3x=g Y =C,e*—x-1

3arajgpHul iHTeraJ] MaTHUMC BUTJIAI:

Ky_gﬂéjesx _Cl}[(Y+X+1)eX ~¢,]=0

ZaBaanns 2. y° +xy'y'—y° =0

X:y4_lny':p:>)(:p__l
y' oy y' p

d dx

dy_ a1

dx dy

dx Q%_ﬂ_(i_L%J

dy y*dy y*> (p p®dy

p y'dy vy p p°dy
2 4p? (ZP dep s s
=|—F+—= |7, 2p°+y’ %0
py ly' p’° y( )
2 1 dp
py° p?y*dy
2
2_1dp 2dy_dp:>y2—pC:>p:y—
y pdy y p
5 2
2p*+y°=0= ps:—y?: p= 3%y
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. 1 C o
ITincraBnseMo B x=-——-= = x = = X =——— — 3arajbHuu

y
A Cy* y* C, vy
C

2

1) = o
X = (3 2 +—]y 3 — 0COOIMBHIA.
34

3aBaanns 3. y = xy'> —2y’® — piBHAHHsA Jlarpamka

y'zpzy:Xp—ZDS:ﬂ:p2+2xp%—6p2%:> p:p2+(2xp_6pZ)d_p:>
dx dx dx dx

dp dp

=p-p?=p(2x-6p)—=1-p=(2x—6p)—

p—p? = p(2x p)dX: p =(2x p)OIX

dx_ 2 6p

dp 1-p -p

%Jr 2 = 6p

dp p-1 p-

el et - (p o

j_;(|o—1)2 +2(p-1)x=6p(p-1)

(X(p—l)z)’ =6p” —6p

2p®-3p*+C

x(p-17 =2p*-3p*+C=>x=
(p-1)y

3aBIaHHA 11 CAMOCTIIHOI po0oTH

Po3B’s13aTH piBHSHHS:

1. arcsm(%/,) =y

2. y=e’(y'-1).
3.x=2(Iny' -y

4, y(1+ y’z)% =y

5. x=2y' +3y"?

6. x=y'(L+e").

7. x= ez"'(Zy'2 —2y’+1)
8. y=VyIny"

9. y=xy' +.b*+a’y?.

1

12"

10. x=2+
y oy
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11.
12.

13.

14.
15.
16.
17.

18.
19.

3HalTH 3arajibHi PO3B’SI3KHU PIBHSHB!
20.
21.
22.
23.
24,
25.

26
27

28

y:Xy’+y’_y'2-
(l J :
y=X —+Yy |+V.
X
y’z—ﬂy'+1:0.
X
yy' —2xy'+y =0.
x=siny +Iny"
y=y?+2iny.
4y = x> +y".
X_y2+y12
2y
y=x"-y.

e

Xy1+y?% -y =0.
X(1+y?) =1
x = ay'+by".
X=y'siny".
y=y'siny +cosy".
Xy —2y'—y =0.

Xy?+yy'+a=0.
.y +xy?—y=0.

LY =2XY + 1+ Y2,

Po3B’s13aTH piBHSAHHS:

o gk~ whE

8.
9.
10
11
12

13

y=x+y"
y=@L+y?)x+y”
y=@2+y)]1-y"
y=1+y+y"

y*® = 4xyy'-8y”.
2(y—x?) = y'? +4x

!

y

y =Xy +41-y".

y=xy'+y".

) y:Xyr+yr_yr2.
.Y =Xy +4/b%—a’y”.

1 :
. y:7(2x+y).
y

, e
. y:y+—,.
y

dy
dx’

127



14.

15.
16.

17.

18.
19.
20.

21.

22.

23.
24,

25.

v +(x+1)e’ =0.

/y? +3/y? =1

xy” —yy”? +1=0.
Y
y
y

1
X= +F.

26 xy'+y—4,/y =0.

27.
28. y'? —2xy' —x* +4y =0.

X
y'=e’.
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[TpakTruna po6ota Ne 12, 13
Tema: lndepenuiajibHi pIBHAHHSA BUIUX OPAAKIB

IpuKaaau po3B’si3yBaHHA BIPAB:
Baaanus 1. y=(y')’e”

y'=p = p’e®, dy=(2pe” + p%” Jip

dy = pdx = pdx=(2pe2 + pze")dp = p=0 abo

dx =2e” + pe® :>x:j(2ep+pe")dp:Zep+pep—ep+C:pep+e"+C.
x=pe” +ef +c
, Ko p=0 = y'=0 = y=0

y=pe’

Bappannsg 2. y") —y" =0
y||| -7 = y(|v) -7
dz dx

X2'-72=0=>—=—"=7=Cx=y" =Cx=>y=Cx* +C,x* +C,x+C,.
z X

3aBganus 3. (x-3)y" +y' =0
! 14 d d
y=p, ¥ =P =(x-3)P+p=0

dx dx
%_}_ﬁzo
p x-3
. , C,dx
In|p|+Injx-3=InC :>p(x—C%):C1:>y(x—3):Cl:>dy:X 3=

= y=C,Inx-3+C,.

3aBaaHHA ISl CAMOCTIiiTHOT po0oTH
3iHTerpyBaTH AUQEpeHITiaTbHI PIBHIHHS Ta BIAITYKAaTH YaCTUHHI PO3B’A3KU
TaM, Jie 3aJaHi MOYaTKOB1 YMOBH:

1. y"=0, npu Xo=0, yozl, y('):O, y6=2.

2. yV=x-1.

3. yV=sin 2x.

4, y" =x+CcosX

5. yV=ch X, npu x0=0, Yo=2, Yo,= 1,
yo=1,Y5=0.

6. y" =e*cos X , npu Xo=0, Yo=0,

Yo =1.5.

7. y" = XeX, Inpu Xo=0, Yo =0, yé =0,
Yo =0.

8. y" =sin®x.

9. y"=§, npu Xo=1, yo=1, yp=1.
10. y" = - X COos X.
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11. y" = arcsin X.
12. y"=arctg Xx.
13, y"=¢* - %
14. yV =e*— 1, mpu Xo=0, yo=2, o =1, y; =1, y§=1.
1+ x%)e*
15, y' = |
T
16. yV=xInx.
17. y» = X
X
18. xyV —yV=0
19.yW=1
y X
20. y' = sm_x
X
21. y" =xsinx
22, y" = % mprXo =1, yo=2, yo=1, yi = 1.
23. y" = 2.cossx
SIn™ X
24. y' = 1 npu x0=0, y5=0, y5=L.
1+x
25. y"3—-2y" —x=0.
26. y"*+ y" —x=0.
27. y"2+xy" —x3=0.
28. y" —e¥=0.
29. y" +Iny" —x=0.
30 ym . yrr3 — 0
31. y" — eV =0.
32.y" -y =0.
3
2
33. y"—a(l+yr2) =0.
34. y'2—4xy" + 4y =0.
35. 33y = 1.
36. 4y = 1.
37.yy =1.
38. y'?2+ y'?2— y4=0.
39 yrr3+3yn yr . yr2:ol
40. y"2+ y"2-1=0.
41. y'y3 =1.
5
42.3y" =y 3.
43. y" +2y"Iny —1=0.

44

y' (L+y)e'=1
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45.y3y" —y*+1=0.
46. y" + y' =0.

3iHTerpyBaTu AUQEepeHIiaibHl PIBHIHHS:
|

47.xy" = y'In L,
X

48.2yy"- 3y 2 = 4y?.

49.xy" + y —x°—-1=0.

50.2yy" — y'?2=1.

BIxy y +vy2+1=ay' 1+y'".

52y (1—Iny) y" + (L +1Iny) y2=0.
vy 2= YWY

5.yy" + y' = e

54.x*y"+ (xy' —y)* =0,

55.y" y — y"?—y'3=0.

56.yy" — y'2—y4ny=0.

57.x%yy" —2x3y' +xyy +y>=0.

58.xyy —xy?2-2yy =0.

XyIZ _O

9. xyy —xy?-yy+
1—x?

60. x2y" — y"2=0.

61.y"y —3y"?=0.

62. X2y y" —(y—xy' )?>=0.

63.xyy" +xy?2-3yy =0.

64.yy —y (24yy' - y)=0.

65. (X2+y?) y' -y y *+xy 3+xy -y =0.

66. y' (y—1)—2y2=0.

67.x*y" —(x3+ 2xy) v +4y*>=0.

68. (Y y'—y )+xy Y =y Xy 4y’

69. x3y" —(y—xy')?=0.

70.xy" —x?%yy —y =0.

71 x4y" + 23y —1=0.

12.Xy" +y" =x+ 1

3HaNTH YaCTUHHI PO3B’I3KU PIBHSHD:

73. (X2 +1) y —2xy'=0mpu Xo=0,y0=1, y; =3.
74.yy" —y2+ y=0mnpuxe=1, yo=1, yy =-1.
75. vy +1=0nmpuxo=1,yo=1, y; = 1.

76. x4y —(y—xy' )P =0nmpuxo=1,yo=1, yo=1
77.yy —2Xy'2=0 mpuxo=2, VYo=2, v, =0,5.
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[IpakTuyne 3ansatTss Neld, 15
Tema: OgHopigHi J1udepeHiabHI PIBHAHHS APYroro NOpsiAKy 3i CTaJIuMu
KoedinieHTamu.
Ilpuknaam po3B’A3yBaHHS BIPaB:
ZaBmannsa 1. y'+4y'+13y =0

XapakTepucTUYHE PIBHSIHHSA J2442+413=0 Mae KOMIUIEKCHi KOpeHl
A, =-2+3i.

3arajpHU pO3B'sI30K IICTaHEMO 3a POpMyJIoK y = e (Cysin px+C, cos px) -
y =e 2*(Cysin3x+C, cos3x).

3aBaanns 2. y" +y”-3y"-5y' -2y =0
Cki1ajaeMo XapaKTepUCTUYHE PIBHSAHHSA:

A+ 22 -34-51-2=0

OCKUIBKH

BB -3 -B5A-2=2"+ 2 -312-31-21-2=22(1+1)-32(1+1)-2(1 +1)=
A+ -31-2)=(A+1)2 - 21-24-2)= (2 +1A(2? -1)-2(2 +1)|=
A+(A+(A-Da-2] = (A +12 (22 —A-1-1)= (2 -1(2* —=1)- (2 +1)|=
=(1+1°(1-2)=0,

(A+1)A+1) A1 +1)21-2)=0.

XapakTepucTUIHE PIBHSIHHS Ma€ KOPEHi:
A=A=Ay==12,=2

Kopinb A=-1 € TpbOXKpaTHUM, MOMYy BIAMNOBIAAIOTH JIIHIMHO HE3aJEeXHI

PO3B’SI3KU:
X 2

-X - —-X
y,=¢€e ", ¥y, =X ", Yy, =X"¢

Kopenro A, =2 BiAmNoOBiiae po3B’s30K e°*, TOMy 3arajbHe PIBHIHHS MaTHME

BUTJISIL;
y=Ce*+C,xe ™ +C,x’e " +C,e**
abo

y= (C1 +C,X +C3x2)e‘X +C,e*

ZaBganns 3. yV' +3y" +3y"+y=0
Cki1aaeMo XapakTEpUCTHYHE PiBHSHHSL:

A2 +32 +342+1=0
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OckiJIbKu
24324 +32 +1= (2 +1f = (A +21)22 +1)22 +1)
TO XapaKTEPUCTUIHE PIBHSHHSI MaTHUME KOPEHi:
=Ry =lg =i, Ay =4y = s =

TproXKpaTHUM CIPSYKEHUM KOPEHSIM i Ta —i BIJAMOBIJAIOTH JIIHIMHO HE3aJIeKH1

PO3B’SA3KU:
COSX, XCOSX, X* COS X, Sin X, Xsin X, X*sin X.
BinmoBiaHo, 3araqsHUi po3B’ 30K Ma€ BUTIIS:

y =C, cos X +C,xcos X + C,x® cos x + C, sin X + C.xsin X + C,x? sin x

abo

y= (C1 +C2x+C3x3)cosx+ (C4 +C5x+C6x2)sin X.

3aBiaHHA 11 CAMOCTIIHOI podoTH:
3aBmanns 1 (1-25)
1 —25. 3naiiTu 3aranbHUI Ta YACTUHHUN PO3B’SI3KM HACTYNHUX PIBHSAHb.

1. y"+6y'+9y=0. 14.  y"-3y' +2y=x>.

4y"+12y'+9y =0. 15.  y"+4y'+3y=x+e*

y 4y +5y =0. 16. y"+8y’'+25y=18¢e>".
"+2y=0.
y ey 17.  y"+36y =36+ 66x—36x°.

2
3
4
5. "+3y'=0.
y +9y 18. y"+y=-4cosx—2sin x.
6. 6y"+y -y=0
19.  y"+y' =sin?x.
7 oy"-12y'+4y=0.
20. y"—-2y'+y=sin X+ shx.
8

y"-5y"+9y' -5y =0.

9. y"—12y'+36y=14e%".

21. y"—4y'+ 29y =104sin5x.

22. y"+16y=8cos4x.
10. y"-6y’ +10y=51e7".

X

23. y'+2y'+y=6e"".

11. y"+y=2cosx—4(x+4)sin x.
(x+4) 24. 6y"—y' —y =3,

12.  y"+3y'=20e?".
yorsy 25. y"+3y'=16-6x.

13.  y"+4y +5y=52e%,
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pdx_odx_ 5. o
dt dt
2)y"+2y"+5y =0
y”"+8y"+16y =0
Dy”"+7y"—8y =0
5y”"+10y"+ 25y =0
8)yYy”"+5y"—14y =0
7)O05y”" —-3y'"+17y =0
8y”"+8y’'+16y =0
DyYy"+1y’'—12y =0
10y”"—6y"—9y =0
11Dy —vy ' —12y =0
12)y”"—2y"+10y =0
13)y"— vy "— 20y =0
14)y”" —4y’+ 20y =0
15y”"—vy"—30y =0
16)y” —8y "+ 25y =0
17)y”"—6y ' —7y =0
18)y"+12y"'+36y =0
19)y"+4y =0

2
20095, 295, 550
dt dt
2
opnd X, 79X _g
dt dt

22)y" —2y"—3y =0
2

d”p
23 —+ =0
)dq)2 Yo

24)y” —8y =0

25)y”" —4y =0

26)y" —4y’'+13y =0
27)y"—4y'"+4y =0
28)y”" —3y'—4y =0
29)y”" —4y’+3y =0
30)y"+3y'"+2y =0
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3aBmanusa Ne2
Po3p’s3aTu 3amauy Kot

Dy"-4y=0,y(0)=1y'(0) =0
2)y"+y'+6y=0,y(0)=1y'(0)=0
3)y"'—-y'-2y=0,y(0)=1y'(0) =0
4)y"+y'-2y=0,y(0)=1y'(0)=0
5)y"+2y'-3y=0,y(0)=1y'(0) =0
6)y"—2y'+y=0,y(0) =2,y'(0) =1
7)y"+3y=0,y(0)=1y'(0)=0
8)y"+14y'+49y =0,y(0) =8,y'(0) =6
9)Yy"+2y'+2y=0,y(0)=1y'(0) =0
10)y"—4y'+5y=0,y(0)=1,y'(0) =0
11)y"+4y"'=0,y(0)=1,y'(0)=0
12)y"—-6y'+9y =0,y(0) =1, y'(0) =0
13)y"+2y'=0,y(0)=1vy'(0)=0
14)y"+5y"+18.5y=0,y(0) =1, y'(0) =0
15y"+4y'"+3y=0,y(0)=1Yy'(0)=0
16)y"+y' =0,y(0) =1y'(0) =0
17)y"—-2y"=0,y(0) =1,y'(0) =0
18)y"+9y'=0,y(0)=1y'(0) =2

19)y" -4y =0,y(0) =1, y'(0) =4
200y"+4y'+4y =0,y(2)=8,y'1) =0
21)y"—y'=20y=0,y(0) =1y'(0) =0
22)y"+7y'+12y =0,y(0)=1,y'(0) =0
23)y"+6y'+5y=0,y(0)=1,y'(0)=0
24)y"—-8y'+20y=0,y(0)=1,y'(0)=0
25)y"+10y'+25y =0,y(0)=1,y'(0)=0
26)y"+y' +12y =0,y(0)=0,y'(0) =0
27)y"—-5y"'-6y =0,y(0) =1,y'(0) =0
28)y"+y'=0,y(0)=1y'(0) =0
29)y"+6y'+9y=0,y(2) =1,vy'(0)=4
30)y"+3y'"+9y =0,y(0)=1,y'(0) =0
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[TpakTuune 3ansaTTsa Nel6,17
Tewma: JliniiiHi HeogHOPiAHI MMdepeHUiaTbHI PIBHAHHA 2-T0 NOPSAKY
IlpukJjaau po3B’sA3yBaHHA BIPaB:
4

5
3apaanns 1. "+ >y =5x* - —
) | y 2y o5

y=¥+12

2"+ g 7’=0. XapakTepucTU4HE pIBHSAHHS A + g;t =0 Mae KOpeHi

5 . . .
4, =0, /12:—5, TOMY 3arajbHUM PO3B’SI30K OJHOPIAHOTO PIBHAHHS Ma€ BUTJIS

0x -2,5x __ -2,5X
2=Ce" +Ce™" =C +Ce.

YacTuHHUN po3B’s30K Y, (IpaBy YacCTHHY TPEACTABISIEMO Y BUTJISI
f (x)=e*P,(x), ne P,(x) =5x* - %) 3HAXOJAMMO Y BUTIISII

Y, = (A2 +Bx+C)-x = AC + BX? +Cx.
3HaX0IUMO YaCTUHHI ITOX1HI:

y, = 3AX* + 2Bx + Cx

yl" =6AX +2B.

OTprMaHH1 3HaYEHHS MIJCTABISEMO Y BUX1THE PIBHSHHSA:

6Ax+28+§(3Ax2 +ZBx+Cx):5x2 —i;

2 25
15 a2 +(6A+58)x+28+5c _sxi_
2 2 25

CkiaaeMo cucTemMy piBHAHb BIAHOCHO A, B, C, NpUpiBHIOIOYH KOEPIIEHTH

npu x°, X 1 BUIbHI WICHH B OTPUMaHIii PiBHOCTI

EA:5;
2
6A+5B=0;
ZB+§C=—i.
2 25
Busnauaemo, mo A=g; B=—ﬂ; C:B,Tozli y1=3x3—ﬂx2+£x
3 5 125 5 5 125
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3aBaanus 2. y" -3y +2y =8>

XapakTepucTu4He piBHSAHHA A +31+2=0 Mae KopeHi 4 =1, A, =2, TOMYy
3arajJbHUI PO3B 30K OAHOPIAHOTO PIBHAHHS Ma€ BUTIIA z=Ce* +C,e*.

OCKiNIbKY TIPaBOI0 YACTHHOIO JIAHOTO PiBHAHHA € (QyHKIiA BHAy Po(x)e™,
npudoMy k=3 k# 4 # 1, TO YACTHHHHIA PO3B’SI30K IIYKAEMO y BUTIAAL Y, = Ae™,
ne A — HeBIIOMUM KOC(IIIIEHT.

3HaNIIOBIIMA MOXiTHI Y, =3Ae¥™, y/=9Ae®™ 1 MIACTaBUBIIM 1X y PIBHSIHHS,

JIICTAHEMO
9Ae* —9Ae™ +2Ae™ =8,
3BilKH A=4, ToMy VY,=4e* — YacTUHHHH pO3B’S30K JAHOTO pIiBHSHHSA, a

y=Ce* +C,e” +4e¥ — fioro 3arajbHHi PO3B'SI30K.

3aBaanns 3. [IpointerpyBatu piBHSHHS Y'Y —16Y = 4C0s2X —8sin 2X.

3arayibHUH pO3B’SI30K BiIMOBIIHOTO OJHOPIIHOTO piBHAHHS Yy —16y =0
BHU3HAYAETHCS POPMYJIIOK0 Y, = C,e > +C,e”* +C, cos2x + C, sin 2x.

[TpaBa yacTHHA AaHOTO PiBHAHHS € QYHKILs BUAY f(X)=acos+bsin px, 1e
a=4,b=2, mpu TOMY, IO fi =2i — IPOCTUH KOPiHb XapaKTEPUCTHIHOTO PIBHIHHS
2 -16=0 abo (12 —4)22 +4)=0.

Bixnosiauo 3 Gpopmysoro y, = x*(Acos Sx + Bsin ) Maemo:

y, = X(Acos2x + Bsin 2x).

3HaXOoAMMO MOX1IHI PYHKIT Y, :

y; = Acos2x + Bsin 2x + X(— 2Asin 2x + 2B c0s2x),

yy = —4Asin 2x + 4B cos2x + x(— 4Acos 2x + 4Bsin 2x),

yy'=—12Ac0s2x +—2Bsin 2x + x(8Asin 2x —8B cos 2x),

y,¥ =32Asin 2x +32B cos 2x + (16 Acos 2x +16Bsin 2x).

[TincraBuMO BUpa3u y, Ta Y,y BUXiJHE PiBHSHHS:

32Asin 2x —32B cos 2x + x(16 Acos 2x +16Bsin 2x)—16x(Acos2x + Bsin 2x) = 4c0s 2x —8sin 2x

CnpocTtuBiIM OTpUMYy€EMO: 32Asin 2x —32B cos2x = 4c0s2x —8sin 2x , 3BIAKU

32A=-8,-32B =4, 3BIJIKH A:—%, B:—%.

BianoBigHO YaCTUHHUM PO3B’ 130K BU3ZHAYAETHCA 32 (HOPMYJIOH0:
1 1.

Y, =—| —C0S2X +—sin 2X |.
4 8

3aranbHUi pO3B’SI30K JAHOTO PIBHSHHS MA€ BUTJISIA:
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y=Y,+Y, =Ce > +C,e” +C,cos2x+C,sin 2x—Gcost+%sin ZXJ :

3aBaaHHA ISl CAMOCTIITHOI po00oTH
3aBaanasg Nel

3HalTH 3arajibHUii PO3B’ 30K PIBHSHHS
Dy"+8y " +16y =—-36e
2)y"—y' ' =21—x)
3)y" -2y +17y = —-51x* —56x +19
4)y” —6y +9y =—-108e>*
5y’ -4y’ +13y = 26e**
6)y"—6y + 25y =2sin X+ 3cos X
7NY”+4y +5y =10x* +21x +18
8)Yy”"+ 2y +5y = 40e>*
9QY"+5y"+4y =—-65c0s3x +5sin3x
10)y”" +5y ' +4y =12x* + 42X+ 9
11)y” +10y’ + 25y = —36e %
12)y"—2y"+10y =16cos4x +12sin4x
13)y”" +3y’'—4y =8x* -5
14)y” +3y’ — 4y = —4e %"
15)y"+2y"+5y =—14cos3x —8sin 3x
16)y” —2y' '+ y=-2x"+11x—12
17)y”" +7y +12y = —30e**
18)y"+8y' +16y = —96cos4x —32sin 4x
19)y" +4y +4y =16x> +48x +12
20)y" +y —2y =6X%?
2Dy "+ 6y ' +9y = —-54cos(—3x) + 72sin(—3x)
22)y" -7y +8y =x*+1
23)y"+y' = xe™*
24)y" +2y'—8y = —4cos2x — 28sin 2x
25)y"+ 6y +8y = —-55cos(—3x) +15sin(—3x)
26)y" — 4y’ = 2e**
27)Yy" -8y ' +7y=3x*+7x+8
28)y” —10y’' + 25y = x* —5x+7
29)y"+9y =15sin2x
30)y"+y =8e™*
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3aBmanHsa Ne2
3HaWTH 3arajibHUM pO3B’ 30K PIBHIHHS

DYy +y —2y =6x°

2)y”" + 2y’ + 5y = 3e**

3yYy"—6y +25y =2sin x + 3cos X
4)y” —6y’ +8y =3x° +2x+1
5y”+6y +5y =e*"
6)y"+y=2sinX+ 4cos X
7)Yy"—y=5x+2

8)y”+4y + 3y =9e

9Q)Yy”"+9y =cos2x

10)y”" +2y = x> —1
11)y” -5y’ + 6y = e~

12)y”" + y = cos x
13)y”" — 6y’ +9y = 9x® —39x + 65
14)y”" +y — 2y = e®*

15y”"+y — 2y =8sin2x

16)y” + 2y ' =6x° +2x+1

17)y”" —6y"+10y =51e™ ~

18)y" —3y' '+ 2y = 2sin x
19)y”" — 6y’ +9y =2x° — x+ 3
20)y” + 3y’ = 20e**

21)2y" +5y" = 29cos x

22)y" —2y'+ 2y =2X
23)y”" + 4y’ + 5y =52e%*

24)y" + y' = —sin2x
25)2y”" + 5y’ =5x* —2x —1
26)y" — 4y’ + 3y = e?**

27)y" —2y'+ y =5sinx —4cos x
28)y” — 2y’ +10y =10x* +18x + 6
29)y” + 8y’ + 25y = 3e?*

30)4y” —8y'+5y =4sin X + 7cos X
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3aBmagHsa Ne3

3HalTH YaCTMHHUI PO3B’S30K JaHOTO MU(EepeHIiabHOTO PIBHIHHSA, SKUN
3aJI0OBOJIbHSIE TIOYATKOB1 YMOBH

DYy”"+9y =18cos3x —30sin 3x,
y(0) =3,y’(0) = -3
2)y"—2y'+y = 3e”

y(0) =4,y’(0) = -2

3y”" -4y’ + 3y =10e°>*

y(0) =1, y'(0) =—-1
Dy”"—7y" " +6y =sin X

y(0) =5,y'(0) =—-1
5)Y"+2y ' +5y =x" —7x+2
y(0) =2,y'(0) =2
6)y”—4y’ ' +4y = 3e **

y(0) =1, y'(0) =—-1
7)Y”"—2y'"+10y = 74sin 3X
y(0) =5,y'(0) =—-1

By "—y =20—Xx)

y(0) =1, y'(0) =1

NN4y”"+16y"'+15y = 4e

y(0) =3,y’(0) = 5,5

10)y"+y =—6cos X —8sin x
16

TN 7%y — =2
y(E)— 1,y(2) 3

11)y” +10y’ +34y = —9Qe >*

y(0) =0,y’(0) =6
12)y”+3y’—10y =10x°* +4x —5
y(©O) =2,y'(0) = -2

3
=X
2
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13)y" + 5y’ =50cos5x

y(0) =5,y’(0) = —-15

14)y” — 4y’ + 20y = 16e°*
y(O) =1y'(0) =2

15)y” —2y"+10y =10x”® +18x + 6
y(O) =1,y’(0) =3,2

16)y" —4y’'+5y =2cos X + 6sin X
y(©O) =2,y(0) =—4

17)Y” +2y +y =e?*

y(O) =1,y'(0) =2
18)y” — 2y ' = x> +x—3

y( ) =2,y(0) =2
19)Y"+4y =10cos2xXx —6sin2x
y(O) =1,y(0) =0

20)y"—y =e”

y(0) =1,y'(0) =—-1

2D)Yy" —2y"'"+ y = -2+ X

y(0) =0,y’'(0) =0

22)y" +y = —sin 2X
y(z)=1y'(z) =1

23)y” — 2y ' + y = e?*

y(©O) =1, y(0) = -1

24)y” — 6y’ +9y = 9x° —39x + 65
y(O) =1,y'(0) =1

25)y”" +4y = sin X

y(O) =1,y'(0) =1
26)y”" —3y ' + 2y = e~

y(©O) =—-1,y(0) =1

27)y” + 2y’ =6x%x° +2x+1

y(O) =2,y(0) =2

28)y"+y’ ' — 2y =8sin 2Xx

y(O) =1,y'(0) =—-1
29)Yy"+2y'"+y =€

y(©O) =2,y(0) =1
30)y"+4y’'+4y = 6x° —5x+ 3
y(©O) =1, y'(0) =4
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3aBmanusa Ned
3HalWTH YaCTUHHUH  PO3B’SI30K  JUQPEPEHIIATBHOTO  PIBHSHHS,
3a/10BOJIbHSIE TOYATKOBY YMOBY.

1Dy”+10y’ + 25y = —36e **

y(©O) =—-2,y(0) =0

2)Yy'+4y ' +4y =16%x° +48x +12
y(©0) =—-2,y(0) =0

Yy —2y' '+ y=-2x"+11x—-12
y(©0) =—-2,y(0) =7
Dy”"+5y"+4y = —65c0os3Xx +5sin3X
y(0) =8,y(0) =—31

5Y"+7y +12y = —30e?*

y(0) =3,y’(0) =6

6)y” —6y +9y = —-108e 3*

y(0) =—-2,y'(0) =13

7)Y” +3y’ —4y = —4e 3>

y(0) =6, y’(0) = —18

8y”"+8y’ '+16y = —36e ~

y(0) =0, y’(0) = —-15

QDy”"+6Yy" +9y =-54c0os(—3x) + 72sin(—3x)
y(0)=7,y(0) =-16

10)y” +y' — 2y =6x°
y(0)=-4,y'(0)=-1

11)y"—2y'+ y=8e”

y(0)=1y'(0) =3

12)y" +8y'+16y = —-96c0s4x — 32sin4x
y(0) =4,y(0) =-25

13)y” + 3y’ —4y =8x* -5

y(0)=4,y'(0) =—-17

14)y" +2y'+5y =4e™”

y(0)=1y'(0)=1

15)y"+6y" +9y =1
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y(O) =0,y’(0) =1

18)y” +5y ' +4y =12%X° +42X + 9
y(O) =—4,y'(0) =2

17)Yy” —2y +17y = —51%x° —56x +19
y(O) =1,y(0) =12

18)y” —4y’ +13y = 26e**

y(©O) =6, y’(0) = 28

19)Yy” +4y +5y =10x°% +21x +18
y(O) =6,y’(0) =—4

20)y”" +9y = cos3X

y(O) =1,y'(0) =3

2DY”" +3y + 2y =6%x° —8x+ 4

y(O) =—-2,y(0) =-—-2
22)y”" —5y"+ 6y =13sin3X

y(O) =2,y(0) =2

23)y" —2y"+10y =16cos4x +12sin4x
y(O) =1,y'(0) =0

24)y” +4y’' +5y =5x° —32x+ 5

y(O) =2,y'(0) =2

25)y” + 2y’ + 5y = 40e°3*

y(O) =4,y’(0) =10

26)y"+ 2y " +5y = —-14cos3x —8sin3X
y(0) =4,y(0) =1

27)y” — 2y’ = x® — X

y(0) = —8,y’(0) =—-10

28)y"—y=e ~

y(©O) =1,y’(0) =0

29)y"+2y"—8y = —4cos2x —28sin 2x
y(0) =6,y’(0) =14

30)y”" +8y ' +16y = —5x° —6x+9

y(0) =1,y(0) =10
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[TpakTuyne 3ansaTTTsiNe18
Tema: Po3B'sizaHHA cucTeM JIiHITHUX TudepeHniaJIbHUX PIBHAHD

Ipuxaaau po3B’si3yBaHHA BIPAaB:
3aBnannd 1. [IpointerpyBatu cucremy audepeHIiiaibHUX PiBHIHb

dy
—=3y-12
dx y
dz '
—=03y-12
dx y

3HANTH YaCTUHHUI PO3B’ 30K, AKUH 33JOBOJIBHSIE YMOBU Y, =1, 2, =2 IpH
Xo =0.
JludepeHiiioodn nepiie piBHIHHS 1 0epydH 10 yBark JaHi CHCTEMHU
PIBHSIHB, 3HAXOAUMO:
d’y _dy dz
dx* dx dx
BusnauaeMo z 13 mepiioro piBHsIHHS Ta MiJCTABILEMO HOrO B OTpUMaHe
PIBHSIHHS:
d’ d d
Y _ay-—23y-Y =2 oy,
dx dx dx
2
a4y L
dx*  dx
Po3B’s13aBI11IM OCTaHHIO PiBHICTH OTPUMYEMO
y =€*(C, cosx +C, sin x)

=3(3y-z)-(5y-z)=4y-2z.

+2y=0 abo y"-2y' +2y=0.

Ock11bKH
dy dy_ « : x :
2=3y- 5 = (C,cosx +C, sin x)+e*(~C, sin x+C, cosx), TO
X

z =3e(C, cosx +C, sin x)—e*(C, cosx +C, sin x)—e*(— C, sin x+ C, cosx) =

=e*[(2C, -C, )cosx +(C, +2C, )sin x]

BianoBinHo, 3aranbHU po3B’ 430K AaHOI CUCTEMH BU3HAYAETHCS
dbopmynamu:

y =€*(C, cosx+C,sinx),

z=e*[(2C, —C,)cosx +(C, +2C, )sin x].

3HaiiIeM0O YaCTHHHHI PO3B’SI30K KU 33JJ0BOJILHATUME YMOBaM 3aj1aui. [3
nornepeaHboi (OpMyIId OTPUMYEMO:

y(0)=¢°(C,-1+C,-0)=1, z(0)=[(2C, -C,)-1+(C, +2C,)-0]=2,
3Biaku C, =1,C, =0.

[TincraBnstoun oTpuMani 3HayeHHst C, =1,C, =0 B y Ta z, Ta 3HaXOJUMO
YaCTUHHI PO3B’SI3KU

y =€*cosx, z=¢e*(2cosx +sin x).

3apnanns 2. [IpoinTerpyBatu cucteMy nudepeHiaibHUX PiBHSHb
X'=2X—-y+12
y'=x+2y-1z.
Z'=Xx-y+2z
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Hudepeniiitoroun TpeTe piBHAHHS 1 OepydH 10 yBaru Bupasu ais x', y', z’,
3HaX0JUMO
2" =X~y +22' =(2x—y+2)—(x+2y—2)+ 2(x— y +22)=3x 5y +62.
JudepeHiiroemo 11e pa3, MaeMo:
2" =3x'-5y'+22' =3(2x— y + 2)—5(x + 2y — )+ 2(x — y + 22) = 7x —~19y + 20z .
Po3B’s13yeMo cructemMy piBHSHB
2'=X-y+22
72" =3x-5y+6z
2" =7x-19y + 20z
BIJJHOCHO X, VY, Z.

Tak sk
1 -1 2 z7 -1 2
A=[3 -5 6|=-12, A, =|z2" -5 6|=4z"-182"+147',
7 -19 20 2" -19 20
1 727 2 1 -1 7
A, =13 2" 6|=62"-182", A, =3 -5 2"|=-27"+127"-227
7 7" 20 7 -19 z"
TO
x:ﬁz—lz”#gz”—zz’, y:ﬁ:—ﬁz’—lz”, z:iziz”’—z’#l—lz'
A 3 2 6 A 2 2 A 6 6

OcranHs piBHICTh MAaTUME BUTIIS 2" —62" +112'— 62 =0. Po3B’s13ytoun 11e
PIBHSHHS TPETHOTO MOPAJIKY 13 CTAIUMHU KOe(]il[lEHTaMU, OTPUMAEMO:

z(t)=C,e' +C,e* +C,e™.

Ockinbku z'(t)=C,e' +2C,e* +3C,e™, 2"(t)=C,e' +4C,e* +9C,e¥,

2"(t)=C,e' +8C,e* +27C,e™, piBHAHHS x:—lz”’+gz”—%z' Ta y =—gz’—%z” Ja0Th

MOKJIUBICTh 3HAUTH X, Y -

)=-37 57 =2 (0 + 200" +30")- (Ot +aC™ 490 ")

y(t)=Ce' +C,e*

x(t) = LS Ly —E(Clet +8C,e% +27C,e¥ )+ E(Clet +4C,e? +9C,e% )-
3" 2" 6 3 5

—%(Cle‘ +2C,e? +3C,e¥)

x(t)=C,e* +C,e.

3aBnanns 3. [IpoinTerpyBatu cuctemy audepeHiliaibHuX PiBHSIHb:
X'=2X+y+3e"
{y' = x-2y+4e'
Jana cuctema € HeogHOpIHOO. JH(epeHIiiitooyuun nepiie piBHSIHHS 1
Oepyuu 10 yBaru 3Ha4CHHS U1 X' Ta y', OTPUMAEMO:
X"=2x'+y -3 = 2(2x+ y+3e“)+(x—2y+4e‘)=5x+6e‘t +4e'.
Po3B’s13y10un oTpuMane JiHiHE HEOJHOPIAHE PIBHSIHHS APYTOro MOpsaKy 13

CTaTUMU KoedirieHTaMu X" —5X = 6e™ +4e', 3HAXOJUMO IIyKaHy (YyHKIIO:
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x(t)=Ce ™™ +Ce"™ —1.5e™ +2¢".

OckiTbKu
y=X—-2x—-3e" i x'=—/5C,e™® +/5C,e’™ +1.5e" + 2!, oTKe
y = VBC,e ™™ 1+ VBC,e"™ —1.5¢ + 26! |- 2(C.e™™ +C e’ ~1.50 + 26! )-3e' =
= Cz(\/g — Z)EJE‘ — (\/E + Zkle’ﬁ‘ +1.5e7" —2¢'

BianoBiaHo, 3araibHUiA pO3B’A30K JIAHOI CHCTEMH PiBHSHB:

{x(t) =Ce V™ +C,e’™ —1.5e + 2¢!

y(t)= Cz(\/g - 2)9ﬁt — (\/E + Zklle“gt +15e" —2e"

3aBIaHHA IS CAMOCTITHOI podoTH

3aBaanHs Nel
3HalTH 3arajibHUN PO3B’A30K CUCTEMH JIHIMHUX Au(depeHIlialbHUX PIBHSHb.

— =X+ 2y %=—8x+6y
1) dt 6)- dt
ﬂ——x+3 ﬂ——4x+2y
dt Y at
%:6x+3y %:—3X—13y
2) ((:Z:t 7))+ d)t/
y
ac o 7Y [ dt Y
%=—12x+y %+y=0
ﬂ——53x+2 %—ﬂ:3x+y
dt Y (dt  dt
( (dx
%:cost+y a+2)’=3t
4y dt 91 ¢
9@y _1_ « & _ox=4
L dt L dt
( dx
%=4x+6y a——Sx—Sy
5)4 dt 10)) -
ﬂ:4x+2y —y=—3X—3y
L dt t
%:—7x+5y
11) gt
y
— =4x—-8
dt Y
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9§+x—y:et
12)d dt
gx—x+y:et
L dt
95:—-5x—4y
13) St
y
— =-2X—-3
L dt y
9§=—x+5y
14)4 gt
y
—=-4x—-9
L dt Y
g§=2x—y
15)- gt
y
—=X+2
| dt Y
%E:SX—y
16)- d;
—=X+3
L dt Y
gz:—-2x+7y
17) gt
y
bt A
a
gz:2x+y
18) 3;
—=3X+4
dt y
95:—x—5y
19) 3;
—=—/X-3
dt y
95:2x+y
20) gt
—y=—4x+6y
dt

147

95+y=:tz+6t-+1
dt

21), ©
Y x=_3t2+3t+1
dt
595—29X+4x—y=e‘t

22) ddt dt
—§+8x—3y:5e“t
L dt
95:3x+y

23). 3;
=Y _g
at X+Yy
g5=—-4x—6y

24)< S)t/
=Y = _4x-2
gt = Y
95:5x+4y

25). ;'t

Yy
=Y —2x+3
qr Y
9§=—x+5y

26)- gt

Yy
=Y _x+3
gt =Y
%5——7x—4y

27) dt
y
—=2X-3
dt y
K%_

28) St
—X:x+2ﬁnt
dt
%§=2x+8y

29)<dt
y
—=X+4
dt d
%5:3x—2y

30) dt
—X:2x+8y
dt




3aBnanHsa Ne2

Po3B’s3aTu cucrteMy JiHIMHUX AU(EpeHIlaTbHUX PIBHSIHb.

r__ . 2
1){y—y Z+ X

4

’

y'—z'=y+8z
z'=-3z —7sin3Xx

2y'—z2'=7y —z
y' +22'=y+7z

19 y'=—2y—-3z+e
y’+22’=4y—7z

’

{z =3y —2Z +5C0S2X
{ Y +2' =14y +7—Xx

21)
7' =16y + 2z — X* + 4x

’ ’

y+2'=7y+7z

22)

y' —z2'=-7y—-3z
2'=9y+2z—-9x

2y'—27'=-2y+7z
25)
y'+22' =9y + 62
'+272'=-9y+7z
26) y y
7' =-5y+z-14e”?
27) y'—2z2'=-6y+62
2" =4y -3z +4cos2x
z'=-3y+8
28) y' — y+8z
y'+22' =9y +11z
29) y'=y+12z -15x
y'+2'=-2y+13z
30){ =2y +4z-3sinx
'—72'=-2y+2z
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3aBmanHsa Ne3

3HAWTH YaCTUHHHUM PO3B’A30K CUCTEMH AU(EpeHILIaTIbHUX pPIBHAHD, SKUN
3aJI0OBOJIbHSIE TIOYATKOBUM YMOBAM.

!

y'=y+4z+3x
,¥(0)=4,2(0)=3

!

'=-4y+17-X

dx
d—:X+3y
ﬂzx_y

dt

' 3X
=Yy+2z+10e
Dy T y0)=132(0)= 2

z’=—2y+z—6e X

y'=y+4
{ ,y(O):S,z(O):4
Z'=y+z-12¢"

6z+2
{ =y+6z+ Smxy(O)=14,z(O)=10

Z2'=6y+2z—-7c0sX

=2 —3c0s2
{y . " 9(0)=-9,2(0) = 4

2'=25y+2z2
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'=y-9
11){yr Yo ,¥(0)=9,2(0) =2
z2'=y+2z-8x

dx
—X+y
12) jt x(0) = 4, y(0) = —
& iyt
dt
?:4x+2t
13) d; ,x(0) =9, y(0) =1
— =Yy +t
at Y
?:—x+3sint
14)] 9t ,x(0) =3,y(0)=5
dy
gt =2X+ Yy + cost

y(0) =5,2(0) = —

=2y +2Z+ X2,y(0)=6,z(0)=1

-
{ ——x 3

{

|

_x+5y
=—y+2z
18) y'==y o Y(0)=12(0)=7
z’—y+z+2e
=2 2 3
19y TY AT x° y(0) =11,2(0) = —2
2'=2y+2z—7X
= 18
20){y, o y(0) = —4,2(0) = 2
z2'=2y+z—sin2x’
"= 2z —sin3
21){y, Y r2z SN y(0)=-3,2(0) =2
2'=-2y+12
3—:x+5y
22) d; ,x(0) =10, y(0) = -1
—=X-3
dt Y
%:2x+y
23) gt x(0) =2, y(0) = 4
—y=x+2y
dt

y'=y+8z—-2x
24) 2,y(O) =-5,2z(0)=10
2'=2y+2z+5X

’: 3
25){y, YT () =5,2(0)=—
2'=3y+1z
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, — , —

y'=y+12z
27)5 7, ,¥(0)=7,2(0) =-2
7'=-3y+12

dx
— =x+7e"

28) gt %(0) =9, y(0) = 2
Yo yier
dt

%=3x+6y

29) ,%(0) =-1,y(0) =5

—=X-2
dt Y

%+3x+y=0

30 Ut x(0) =3,y(0) =0

ﬂ—x+y:0

dt

151



II1. 3aBaaHHs A9 MOAYJIbHOTO KOHTPOJIIO

BAPIAHT Ne 1

1. 3HaliTH KPUBY, JOTHYHA JI0 KO yTBOproe Ha oci OY Binpi3oxk,

1

BCJIMYHWHA AKOI'0 CKJIagda€ — YaCTHUHY CYMH KOOPAHHAT TOYKH.

2. a) Y +3ytg3x =sin6x

6) Y 1—y2d><+(><\/1—y2 +y)dy=0(u=¢(y))-

o)y =xy'? —2y"
2)3y12 _ 4yyn+ y2
9)X2y" —xy' =3y =0

BAPIAHTNe 2

1.3HaiiTu 3aKOH 3MiHU CTPyMy B KoJi 3 onopoM R Ta camoinaykuiero L,
SIKIIIO TTOYATKOBA CHla cTpyMy € |, a enektpopyuriiiHa cuna
3MIHIOETBCS 3a 3aKOHOM V =V Sin ot .

2. a) Cxnactu qudepeHItianbHl pIBHSIHHS CIM 1 JIHINU:

x% — y? =Cx
6) y'" —13y"+36y=0
6) V' +4y=ctg 2x
2) Xx=siny +Iny’
0) X2y" +2xy' —6y=0

BAPIAHT Ne 3

1. Tlnoma Tparmeiii, yTBOPEHOI JOTHYHOIO JI0 IEIKO1 KPUBOI, OCIMU

KOOPJIMHAT Ta OPJMHATOIO TOUKH JIOTUKY, € BEIMYMHA CTana — a
3HaAUTHU L0 KPUBY.
2. @) xy' —y=xtg (y/x); y) =n/2

_x2
6) Yy +2xy =2xe

6) y3y"—y4+1:0

2) ¥Y'=5y"+4y=0 npu y(0)=1, y'(0)=1.
0) X2y"+xy'—y=0

¢ (x+1Py" +3(x+1)y' +y=0
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BAPIAHT Ne 4
3HalTH KPUBY, KOKHA JTOTUYHA JI0 SIKOT epeTrHae npsimy Y =1 B Toui
3 a0CIKCOI0, 110 JOPIBHIOE TOIBOEHIM aOCITUCI TOYKU JTOTHUKY.

X
2. y=v -
9Ny arctg (x/y)

6) 2yy”—3y’2 :4y2

6 Y= y’2 +2Iny’

2 yV 48y" 424y + 32y +16y =0
0) 2(2x+1)2y" = 2(2x +1)y' +2y =0

BAPIAHT Ne 5

1. 3HaiiT KpuBY, JOTHYHA 710 sKoi B Toumi (X, Y) mpoxoauTs dyepes
TOYKY (X2, y2).
2. a) ydx—xdy+Inxdx=0 (n=0(x))
6) Y = (x+Yy)/(x=y)

6) y!”yf _ y”2 _ yl3 — O

2) y"=2y"+2y'—4y=0
2. '
o) (x+1)°y"+3(x+1)y' +y=0
BAPIAHT Ne 6
1. 3HaliTH KpUBY, B KOXKHIM TOYII KO MTHOPMAITb € CEPETHE

apu(pMETUYHE KBAPaTiB KOOPIUHAT II€T TOUKH.
2. a) (x* +6x%y? + y*)dx + 4xy (x> + y?)dy=0; y(1)=0

& (x?cosx—y)dx+xdy =0 (u=e(x)).
o 2yy"~3y'"* =4y?

oy —2y"—3y"+4y' +4y =0

o) (x+1P°y" —3(x +1)°y" + 4(x +1)y’' — 4y =0
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BAPIAHT Ne 7

1. 3HaiiT KpuBY, y SIKOi IUIOIIAa KPUBOJIHIMHOI Tpamelii 3 OCHOBOIO

1

[a,x] JTOPIBHIOE — -H TUIOMII TMPSMOKYTHHKA 3 TIEK XK OCHOBOIO Ta

BHUCOTOI0, 1110 JOPIBHIOE KpaitH1l opAMHATI

r_ y
S XCOS y+sin2y

5 yax—(x+y%)dy=0 (u=0(y))

6) ymyr _ yu2 _ yr3 -0

2y +9y"=0

o) (x+2)°y" —4(x+2)y’ +6y=0

BAPIAHT Ne 8

1. 3HaiiTH KpuUBY, AKa MPOXOAUTH yepe3 Touky (-1,1), sKmo KyToBUH
KOe(DILIEHT MOpUIIeryioi 10 Hei B Oyab-sKid TOYI[l KPUBOi JOPIBHIOE
KBaJpaTy OpAUHATH TOYKH JTOTHKY.

1
2. @) y=@y+Dogx, y|, x =3

6) yy1- yZdX+(x\/1— y? + y)dy =0 (¢ =0(y))

2y —13y"+36y =0
0) y'—4y' +4y=xe"

BAPIAHT Ne 9

1.3HaifTi KpuBY, 11 siKoi mtotna Q ,00MexeHa KprBoro, Biccro OX 1
JIBOMa opAuHaTaMH B Toukax 0 1 X, SBIIEThCS JaHOIO (PYHKIIIEO BIJ Y:

. T
Q=a lny.

, 2 ef(x-2)
SR S

6) X=siny +Iny’

&) YA—Iny)y"+@+Iny)y?=0
2 Y"+y"+9y' +9y=0

0) y"—4y"+5y' —2y=2x+3
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BAPIAHT Ne 10
1. 3HaiiTK KPUBY ,B KO IUIOIIA, 0OMEXKEHA CAMOIO KPHUBOIO, OCSIMU
KOOPAMHAT 1 3MIHHOIO OPAMHATOIO, IPONOPIIIOHAIbHA TOBXKHUHI IYTH,

0OMEXYIOUH 110 ILJIOITY 3BEPXY.
2. a) Xy + y2 = (2x2 + xy)y’
6) ydx—xdy+Inxdx=0 (u = @(X))
9 Xy +y? +1=ay'[1+y?
2 y' -4y +4y =0 mpu Y(0) =3, y'(0) =-1.
0) '+ y=4xcosx

BAPIAHT Ne 11
13HaiiTn CIM 10 KpUBUX, MIJJOTUYHOIO B OyIb-SIKI/ TOYIIl B SIKUX, € CEPEAHE

apI/I(l)MeTI/I'-IHe KOOpAWHAT TOYKHU JOTHUKY.

2.4) (10x° + y2 + 9x2y)dx + (7y +6xy +x3)dy =0,
p=p(xty)

0) xy + y2 = (2x2 +Xxy)y’

6) Yy —2xy'+y=02yy" —3y'? =4y?

2 2yy"-3y'* =4y

o)y —4y"=x%-1
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BAPIAHT Ne 12
1.3uaifTu KpuBY ,sKa NPOXOAUTH Yepes Touky My (3; 3) sixa mae
HACTYIIHI BJACTUBOCTI: SKIO Yepe3 Oyab-aKy TOUKY KPHUBOI MPOBECTHU AB1
MPSMUX, BIATIOBITHO TTapaJIeIbHUX KOOPAMHATAM OCEH, JI0 IEPETUHY 3

OCTaHHIMH, TO OTPUMAHUHU TP IIbOMY MPSAMOKYTHHUK JTITUTHCS KPUBOIO
Ha JIB1 YaCTUHM ,13 AKUX OJIHA (JOTOpPKAEThCs 0 oci OX) 1Mo TUIOIIi B

JIB141 O1JIBIIIE Bif APYTOI.

Y A
M(X,y)
B
Mo(3,3)
y=f
C
0 A X

2. a) (1+ y2) dx:[\/1+ y2 siny — xy}dy

5 y=xy'+y -y?
6 Xy"= y’Inl
X
2) y'—6y' +9y=0 mpu y(0)=0, y'(0)=2.
0) ym _ 3yn + 3yl _ y — 2eX
BAPIAHT Ne 13
1. 3HaliTH KpUBY, KA IPOXOIUTH yepe3 Touky (-1;1), Ko KyToBuii
Koe(DIIIEHT MPUIIETIIOl 10 Hel B OyIb-AKii TOUIll KPHUBOI JOPIBHIOE
KBaJIpaTy OpANHATH TOYKU TOTHKY.

2X+Yy—1
AX+2Y+5

6) y:x@Jr y’)+ y'

9 Y'(L+y)e’ =1
2 y'-2y'=0, y(0)=0, y'(0)=2.
0) y"—9y=e>*cosx

2. a) ¥' =
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BAPIAHT Ne 14

1. 3HaiiTH KPUBY, KA MPOXOIUTH Yepe3 TOUKy (-1;-2), AKIIo miaHOpMab
il B KOKHIH TOYIIl TOPIBHIOE 2.
2. a) xy'+2y= x*

6) (X+3y)dx+ 2ydy + a(x + y)(xdy — ydx) =0 n=u(xty)

o y=xy'+y -y

2) 2yyﬂ _3y12 :4y2

0) Y" =2y +4y=e”sinx

BAPIAHT Ne 15
1.HaiiTu piBHSIHHS KpUBOI, sIKa MEPETHUHAE BICh aOCIUC B TOYI X=1 1 sika
Ma€ Takl BJIACTUBOCTI: JOBKHUHA IT1JT HOpMaJl B KOXKHIM TOYIll KPUBOI ,
sKa JOPIBHIOE CEPEIHBOMY apu(PMETHUYHOMY KOOPJIUHAT €T TOUKHU

KPUBOI.
2. a) (Xx—y+4)dy+(x+y-2)dx=0
px=dot
y y

o) y2dx+(xy-1)dy=0. p=p(x*£y?

2 y'=5y'+4y=0mpu Y(0) =1, y'(0) =1

0)y'+y'= x% + cos? x (MeTon Bapialii TOBIJILHOT CTAJION)
BAPIAHT Ne 16

1. 3HaliTH KpUBY, IS IKOI pajilyC-BEKTOP JOPIBHIOE JOBKUHI BIApI3Ka
JOTUYHOI M1 TOYKOIO JOTHKY 1 Biccto OX.
2. a (x3 +y)dx—xdy=0

6)y=y'lny’

0 y'(L+y)e’ =1

2) y'+4y'+3y=0, y(0)=2, y'(0)=4

0) Y'+ 2y +y=e""CcosX+ Xe *(Merox Bapiarlii JOBLIBHOI cTaII0)
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BAPIAHTNe 17

1. 3HaiiTi KpuBy, y SKOI IiJ AOTHYHA B K pa3 OiibIia aOCIucHu TOYKU
. 3 2

noTuky. Po3B’s3aTu aeski sunaaku npu k=1, -1, 2 >

2.a) (x-2y+3)dy+(2x+y-1)dx=0

6) y'? —2—ny’+1:0

6 y'+2y"Iny'-1=0
2) y"+2y"-5y'-6y=0

BAPIAHT Ne 18

1.3HaiiTi KpUBY, SKINO MJIOIIA, 0OMEKEHA OCIMU KOOPJMHAT, M€l JiHIT 1
BIANOBIAHOIO 1 OPAMHATOIO, JIOPIBHIOE — IUIOWL MPAMOKYTHHKA,

Mo0yJ0BAaHOTO HAa KOOPIMHATAX KIHIIEBOi TOUKH

2. a) y'+2xy:2xe7><2
6) yy' —2xy'+y=0
6‘) yny3 ~1
2) y"+3y"—4y'-12y =0

BAPIAHT Nel9

1.3HaiiTn  KpuBY, NOTHYHA 10 siKOi yTBOproe Ha oci QY Bimpi3oxk,

1
BCINMYHWHA SAKOI'0 CKJIaga€ n YaCTUHY CyMH KOOPAWHAT TOYKH.

2. a) 2(Xx+y)dy+(3x+3y-1)dx=0; y(0)=2
6) (3 + xy2 — y)dx + (v + X2y + x)dy =0, p=p( x* £ y?)

e)y:Xy!+y!2
14 !2 yy’
2 Y +y =
\/1+x2
o
— =Yy —4X
TR
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BAPIAHT Ne 20
1.3naiiTu KpuBy, Ui AKOi IJIoa, OOMEXKEeHa Iyrol KPUBOi , BICCIO
abcmuc 1 ABOMA OpAMHATAMH, MPOIOPIiHHA BIJHOIICHHIO a0CIUCH 1
OpJMHATH KIHILIEBOI TOUYKHU AYTH KPUBOI.
2. a) (X+y+1)dx+(2x+2y-1dy=0

6) Yy=02+Yy)1-Y

9 Yy —y?—y?Iny=0

) Y'+4y=0mpu y(0)=0, y'(0)=2
dx _
dt

0) dy

L =x+
at

BAPIAHTNe 21

1.3HaifTi CiM’10 KpPUBUX, MIJJOTHYHOIO B OyAb-sAKid TOYIl B SKUX, €
cepenaHe apupMeTUIHE KOOPIUHAT TOYKU JTOTHKY.
2. a)3ysin(3x/y) dx + |y —3xsin(3x/y)|dy =0

(5o

0) nput=0,Xx=6,y=-2

6) X=1+y'+ y’2
2 " 2 r _
6) X“yy"—2x7y +xyy —0

r\)lél

BAPIAHTNe 22
1.3HaliTu KpUBY, KA NPOXOIUTH Yyepe3 Touky (-1;-2), akmo nmigHopMaib
il B KOJKHIM TOYIIl TOPIBHIOE 2.
2.a) (Ay-3x-5) Yy +7x-3y+2=0

5 y=e’ (y'-1)
2) y"’_4yI:O

%+3x+4y:0,
dt

o) | dy
dt

x(0)=1y(0)=

+5y+2x=0
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BAPIAHT Ne 23
1. HaiiT KpuBY, KO)KHA JOTHYHA JI0 SKOI epeTnHae npsimy Y =1 B Touri

3 a0CIKCOI0, 110 JOPIBHIOE MOABOEHIM aOCITUCI TOYKU JTOTHUKY.

2. a)(d+ y2) dx:[\/1+ y2 siny — xy]dy

6) y(1+ y/2)1/2 _ y/
o) Xyy"—xy'> —2yy'=0
2) ym_2y”:O
2

d—3’+2z:o,
o) d>2<

d<z

——-2y=0

e )

BAPIAHT Ne 24
1. 3HalTH 3aKOH 3MiHU CTPyMy B KoJi 3 onopoM R Ta camoingykuiero L,
SIKIIIO TTOYATKOBA cHla cTpyMy € |, a enextpopyuriiina cuna

3MIHIOETBCA 32 3aKOHOM V =V sin ot .

2. @) Y2 —4xy +4x%y' =0
2 2
6) (2xyeX +Iny)dx+[ex +§de:0;
y

6) y”3 +3y”yl_ y12 — O
2) y'+4y' +29y =0 npu y(0)=0, y'(0) =15

o
o) | dt? ’
d2y
_ 7 — y —X
dt?
BAPIAHT Ne 25
1. TInoma Tpameriii, yTBOPEHOi JOTHYHOI IO JESIKOI KPHBOI, OCIMH

2
KOOpAHWHAT Ta OPAMHATONO TOYKH MHOTHKY, € BCJIIMYMHA CTajla — a .

3HaAUTHU L0 KPUBY.

2. @)3ysin(3x/y) dx +|y —3xsin(3x/y)|dy=0; 6 x=1+y + y'2

6’) XZyy”_ZXZyrZ +nyr+y2 :O, 2) yrr+y:0 npu y(_jzl,
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BAPIAHT Ne 26
1.3HaiiT KpuBY, SKa Ma€ TaKy BIAacTUBiCTh: Bigpizok oci OX Bix
MIOYaTKy KOOPAWHAT JIO MEPETHHY 3 JOTHYHOIO J0 KPUBOI B OyIb-sKii
TOYIll TPOMOPIIMHUN OpPAMHATI I[l€l TOYKHU (k - KoedirieHT
IPOMOPIIIHHOCTI).
2. a) (A4y—-3x-5)y' +7x-3y+2=0
6 y=e¥ (y'-1)
9 W -y2-y%Iny=0
2) y”’ _ 4yl — O
dx +3x+4y =0,
dt

I ﬂ+5y+2x:0
dt

x(0)=1,y(0)=4
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